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Abstract

For a neat lattice Γ < SU(1, 2), whose quotient B/Γ is birational to a
bi-elliptic surface, we compute the dimensions of the cuspidal Γ-modular forms
[Γ, n]o and all modular forms [Γ, n] of weight n ≥ 2. The work provides a
sufficient condition for a subspace V ⊂ [Γ, n] to determine a regular projective
embedding of the Baily-Borel compactification B̂/Γ and applies this criterion
to a specific example.
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Throughout, let B = SU(1, 2)/S(U1×U2) be the complex 2-ball, Γ < SU(1, 2)

be a neat lattice, Q := B/Γ, Z := B̂/Γ = Q
∐

(∂ΓB/Γ) for the cusps ∂ΓB/Γ =

{κj | 1 ≤ j ≤ h} and X := (B/Γ)′ = Q
∐

D, D =
h∑
j=1

Dj be the toroidal compact-

ification, obtained by the resolution ρ : X → Z of κj , ρ−1(κj) = Dj . Consider the
space [Γ, n] of the Γ-modular forms of weight n, the subspace [Γ, n]o of the cuspi-
dal forms and a rational map Φ[Γ,n] = [f0 : · · · : fM ] : Z > P([Γ, n]) = PM (C),
defined by a basis of [Γ, n]. In [1] Baily and Borel show the existence of a suf-
ficiently large n ∈ N, for which Φ[Γ,n] is a regular embedding. There arise the
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problems of obtaining infinite series {nk}∞k=1 ⊂ N, for which Φ[Γ,nk] are regular
embeddings, and explicit generators of subspaces V (n) ⊂ [Γ, n], providing regular
injective ΦV (n) : Z → P(V (n)).

For a C-linear spaceW and a subgroup G ≤ GL(W), letWG be the subspace
of the G-invariants. If S is a surface, denote KS := Ω2,0

S and put KS for the
canonical divisor. Recall the C-linear isomorphisms jn : [Γ, n]→ H0

(
B,K⊗nB

)Γ
=

H0
(
Q,K⊗nQ

)
= H0(Z,K⊗nQ ), jn(f) = f(z)(dz1∧dz2)⊗n, ∀n ∈ N, allowing to view

[Γ, n] = H0
(
Z,K⊗nQ

)
. Let Bl : X → Y be the blow down of the rational (−1)-

curves Li ⊂ X to a minimal surface Y , L =
s∑
i=1

Li be the exceptional divisor of

Bl and C :=
h∑
j=1

Cj for Cj := Bl(Dj). For any global meromorphic section σ of

KX(D), σ⊗n : L(n(KX + D)) → H0
(
X,KX(D)⊗n

)
, σ⊗(−n)ρ∗ : H0

(
Z,K⊗nQ

)
→

LX(n(KX +D)) are C-linear isomorphisms. The multiplicity mp : (Div(Y ),+)→
(Z,+) at p ∈ Y is the homomorphism, which on any irreducible curveM ⊂ Y has
valuemp(M) = 1 if p ∈M ormp(M) = 0 if p 6∈M . Let LY (n(KY +C), nCsing) :=
{f ∈ C(Y )∗ | (f) + n(KY + C) ≥ 0, mp(f) + n ≥ 0, ∀p ∈ Csing} ∪ {0} and note
that Bl∗ : LY (n(KY + C), nCsing)→ LX(n(KX +D)) is a C-linear isomorphism.
“The transfer” θn := (ρ∗)−1 σ⊗(n)Bl∗ : LY (n(KY + C), nCsing) → jn([Γ, n]) of
rational functions on Y to Γ-modular forms is introduced by Holzapfel in [2]
and it restricts to θn : LY ((n− 1)(KY + C), nCsing)→ jn([Γ, n]o).

Holzapfel’s [2] constructs Xo = (B/Γo)′ with an abelian minimal model and
an explicit embedding ΦV : B̂/Γo → P22(C), V ⊂ [Γo, 3], whose image is cut by
20 independent relations. The present work studies [Γ, n] for X = (B/Γ)′ with
a bi-elliptic minimal model Yd,t = E1 × E0/Gd,t. Throughout, Λj := π1(Ej),

ζd := e
2πi
d , Gd,t := 〈gd〉 × 〈τt〉 ' (Zd × Zt,+), gd := T (Ad + Λ1,Λ0)

(
1 0
0 ζd

)
,

τt := T (B′t + Λ1, B
′′
t + Λ0) and π : E1 × E0 → Yd,t be the etale Gd,t-Galois

covering. According to [3], there is a neat Γo / Γ with Γ/Γo ' Gd,t, such that
Xo := X ×Yd,t (E1 × E0) is the toroidal compactification Xo = (B/Γo)′ of Qo :=
B/Γo, ζ := Pr1 : Xo → X is an etale Gd,t-Galois covering and Blo := Pr2 :
Xo → E1 × E0 contracts the rational (−1)-curves on Xo. The resolutions ρ :

X → Z, ρo : Xo → Zo := B̂/Γo are compatible with ζ and induce a Gd,t-Galois
covering ζ̂ : Zo → Z, ramified at most over ∂ΓB/Γ. By (3) and (4) from [4],

[Γ, n] = [Γo, n]Gd,t and ζ̂∗ : H0
(
Z,K⊗nQ

)
' H0

(
Zo,K

⊗n
Qo

)Gd,t
. If B := Blo(D

o),

θon : LE1×E0(nB, nBsing) → H0
(
Zo,K

⊗n
Qo

)
, then there is a representation ϕn :

Gd,t → AutC(E1×E0), ϕn(g)(f) := ζ−nd g∗(f), ∀g ∈ Gd,t, ∀f ∈ C(E1×E0), so that
π∗ : LYd,t(nC, nC

sing) → LE1×E0(nB, nBsing)ϕn(Gd,t) is a C-linear isomorphism
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and ζ̂∗θn = θonπ
∗.

In [4] Holzapfel obtains dim[Γo, n]o and dim[Γo, n] for n ≥ 2, if Γo is a neat
lattice, whose quotient B/Γo is birational to an abelian surface.

Theorem 1. For any n > 1 there holds dim[Γ, n] = dim[Γ, n]o + h,

dim[Γ, n]o = 3e(X)

(
n

2

)
, where e(X) is the Euler number of X. Moreover,

[Γ, 1]o = {0}, dim[Γ, 1] ≤ h and there are ωi[n] ∈ [Γ, n], n ≥ 2,

(1) ωi[n](κj) = δij =

{
1 for 1 ≤ i = j ≤ h,
0 for 1 ≤ i 6= j ≤ h,

which complete any C-basis of [Γ, n]o to a C-basis of [Γ, n].
Proof. For a sheaf L → S, put hi(S,L) := dimH i(S,L), hi,0(S) :=

dimH i(S,OS) and recall that χ(L) :=

2∑
i=0

(−1)ihi(X,L). If Y is a bi-elliptic sur-

face, then χ(OX) = χ(OY ) = 0, K⊗dY = OY , whereas [Bl∗(KY )]2 = Bl∗(KY ).L =

Bl∗(KY ).D = 0, K2
X = [Bl∗(KY ) + L]2 = L2 = −s. Theorem 1.3 [5] asserts that

Li.D = 4, ∀1 ≤ i ≤ s, so thatKX .D = L.D = 4s and (KX+D)2 = K2
X+KX .D =

3s. Denote Sn := KX(D)⊗n, Tn := Sn ⊗ OX(−D), ∀n ∈ N and note that
dim[Γ, 1]o = h0 (X,T1) = h2,0(X) = h2,0(Y ) = 0. Hirzebruch–Riemann–Roch

Theorem for X = (B/Γ)′ gives χ(Sn) = χ(Tn) = 3e(X)

(
n

2

)
, ∀n ∈ N, as in the

proof of Proposition 2.2 [4]. By Serre duality, h2(X,Sn) = h0 (X,KX ⊗S∗n) =
dimLX(−(n − 1)(Bl∗KY + L) − nD) = 0, ∀n ∈ N, due to deg(Bl∗(KY )) = 0,
deg(L), deg(D) ∈ N. Since Tn, n > 1 are acyclic by Proposition 2.3 [4], one has
χ(Tn) = h0(X,Tn) = dim[Γ, n]o. As in [4], (S1 ⊗ OD)⊗(n−1) = OD and there
is an exact sequence 0 → H0(X,Tn) → H0(X,Sn) → H0(D,OD) → 0, ∀n ≥ 2
(cf.(26) [4]). Thus, h0(D,OD) = h and dim[Γ, n] = h0(X,Sn) = dim[Γ, n]o + h.

If Vi := {ω ∈ [Γ, n] |ω(κj) = 0, ∀1 ≤ j ≤ i}, 1 ≤ i ≤ h, then V0 := [Γ, n] ⊇
V1 ⊇ · · · ⊇ Vi ⊇ Vi+1 ⊇ · · · ⊇ Vh−1 ⊇ Vh =: [Γ, n]o is a flag with dim(Vi−1/Vi) ≤ 1,
as far as ∀ω′i−1, ω

′′
i−1 ∈ Vi−1 \ Vi satisfy ω′i−1(κi)ω

′′
i−1 − ω′′i−1(κi)ω

′
i−1 ∈ Vi. Thus,

dim[Γ, 1] ≤ h+ dim[Γ, 1]o = h. If n ≥ 2, then dim(Vi−1/Vi) = 1, ∀1 ≤ i ≤ h, due
to dim[Γ, n] = h+dim[Γ, n]o. By an induction on h, let ω′1, . . . , ω

′
h−1 ∈ [Γ, n] have

ω′i(κj) = δij , ∀1 ≤ i, j ≤ h−1 and ω′h ∈ Vh−1\Vh. Then ωh[n] := (ω′h(κh))−1ω′h and

ωi[n] := ω′i−ω′i(κh)ωh[n], 1 ≤ i ≤ h−1 satisfy (1). If
h∑
i=1

ci(ωi[n] +[Γ, n]o) = [Γ, n]o,

ci ∈ C, then evaluating at κj one gets cj = 0 and the linear independence of
ωi[n] + [Γ, n]o, 1 ≤ i ≤ h.

Lemma 2. If Bl : X → Yd,t, then any subspace V (dn) ⊆ [Γ, dn], V (dn) 3
θdn(1), ωn1[d], . . . , ω

n
h[d] gives a regular ΦV (dn) : Z → P(V (dn)).

Proof. By Bl(L) = Csing, Bl(D) = C, one has X \ L ≡ Yd,t \ Csing, X \

C. R. Acad. Bulg. Sci., 76, No 1, 2023 5



(D ∪ L) ≡ Yd,t \C. The rational curves Mj := ρ(Lj) ⊂ Z have M sing
j ,Mi ∩Mj ⊆

∂ΓB/Γ, ∀1 ≤ i 6= j ≤ h. By D2
j < 0, C2

j = 0 one has κj ∈ M :=

h∑
i=1

Mi

and Z \M ≡ X \ (D ∪ L) ≡ Yd,t \ C. Due to 1 ∈ θ−1
dn (V (dn)), ΦV (dn)|Z\M ≡

Φθ−1
dn (V (dn))|Yd,t\C is regular. If Mo

i := Mi \ (∂ΓB/Γ), then ΦV (dn)|Z\(∑h
i=1M

o
i )

is
regular by ωni[d] ∈ V (dn). Fix Mo

i = Mo
1 , let ϕ0, . . . , ϕr be a basis of V (dn),

Z(ϕi) := {x ∈ Q |ϕi(x) = 0}. One has to show Σ := Mo
1 ∩ [∩ri=0Z(ϕi)] = ∅.

Due to M1 6= Mo
1 , there is ϕi|M1 6≡ 0 and the sets Σ ⊆ Σi := Mo

1 ∩ Z(ϕi) are
discrete. Let p ∈ Σ and T (p) ⊂ Q be such a tubular neighborhood of Z(ϕi)
that T (p) ∩ Σi = {p}, T (p) ∩ Mo

j = ∅, ∀j ≥ 2. The relatively closed and
bounded Z(ϕi) ∩ T (p) is compact and has connected T (p) \ Z(ϕi). By Hartogs’
Extension Theorem,

ϕj
ϕi

: T (p) \ Z(ϕi) → C, j 6= i have holomorphic extensions
ϕj
ϕi

: T (p)→ C. The contradiction yields Σ = ∅.

By Holzapfel’s [4], the abelian minimal model of a neat Xo = (B/Γo)′ is a
product E1 × E0 of isogeneous elliptic curves and E1 ' E0 if Ej have CM by
Q(
√
−m), m ∈ N. Combining with the classification of the bi-elliptic surfaces, if

a neat X = (B/Γ)′ has bi-elliptic minimal model Yd,t = E1 ×E0/Gd,t, then E1 =
E0 = E except for Gd,t ∈ {G2,1, G2,2}, End(E1) = End(E0) = Z. Moreover, E =
C/O√−m for the integers ring Om of Q(

√
−m), m ∈ {1, 3} except for AutgrE =

{±1}.

By Lemma 3 [6], any elliptic curve Bj ⊂ E1 × E0 is of the form Bj =
E(αj , βj) + (uj + Λ1, vj + Λ0) := {(αjc + uj + Λ1, βjc + vj + Λ0) | c ∈ C} =
{(u + Λ1, v + Λ0) |βj(u − uj) − αj(v − vj) ∈ βjΛ1 + αjΛ0} for some (αj , βj) ∈
C2\{(0, 0)}, uj , vj ∈ C. Proposition 4 [6] shows that Cj := π(Bj) ⊂ Yd,t is smooth
iff Bj = E1 × (vj + Λ0) or Bj = (uj + Λ0)× E0.

Recall Weierstrass’ σ(z) = σΛ(z) := z
∏

λ∈Λ\{0}

(
1− z

λ

) z
λ

+ 1
2( zλ)

2

, associated

with (Λ,+) ' (Z2,+). If Λ := O√−m is the integers ring of Q(
√
−m) for m ∈

{1, 3} and Bj ⊂ E×E is an elliptic curve, defined over Q(
√
−m), then there exist

relatively prime αj , βj ∈ O√−m with Bj = E(αj , βj) + (uj + Λ, vj + Λ).

From now on, for a a rational function f : N > C on a curve or a surface
N , denote by (f)N∞ the pole divisor of f on N.

Lemma 3. Let E = C/Λ with Λ = O√−m, m ∈ {1, 3} and Bj = E(αj , βj) +
(uj +Λ, vj +Λ) ⊂ E×E, 1 ≤ j ≤ k be smooth elliptic curves with αj , βj ∈ O√−m,

αjO√−m + βjO√−m = O√−m. If
k∑
j=1

αj =

k∑
j=1

βj = 0 and γj := −βjuj + αjvj,
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then for ∀µ ∈ C \ O√−m, f(u, v) :=
k∏
j=1

σ(βju− αjv + γj + µ)

σ(βju− αjv + γj)
: C2 > C

is (Λ × Λ,+)-periodic and induces an abelian function f : E × E > C with

(f)E×E∞ =

k∑
j=1

Bj.

Proof. There is a homomorphism η = ηΛ : (Λ,+) → (C,+) and a map
ε : Λ → {±1} with ε(λ) = 1 for λ ∈ 2Λ or ε(λ) = −1 for λ ∈ Λ \ 2Λ, such

that
σ(z + λ)

σ(z)
= ε(λ)eη(λ)(z+λ

2 ) for ∀λ ∈ Λ, ∀z ∈ C. Thus,
f(u+ λ, v)

f(u, v)
=

e[
∑k
j=1 η(βjλ)]µ,

f(u, v + λ)

f(u, v)
= e−[

∑k
j=1 η(αjλ)]µ for ∀λ ∈ Λ. Legendre’s equality

η(ω√−m) − ω√−mη(1) = 2π
√
−1 for ω√−1 :=

√
−1, ω√−3 = e

2πi
6 , O√−m = Z +

ω√−mZ implies η(βjλ) = βjλη(1)+
4π

(5−m)
√
m

(
βjλ− βjλ

)
, so that

k∑
j=1

η(βjλ) = k∑
j=1

βj

{η(1) +
4π

(5−m)
√
m

}
λ−

 k∑
j=1

βj

 4π

(5−m)
√
m
λ = 0,

f(u+ λ, v)

f(u, v)
=

1. By (σΛ)C0 = Λ follows (f)E×E∞ =
k∑
j=1

Bj .

Let Irr(∆) be the set of the irreducible components of a divisor ∆.
Proposition 4. Let Yd,t = E × E/Gd,t with E = C/Λ, Λ = O√−m, m ∈

{1, 3}, mp(C) ≥ 2 for ∀p ∈ Csing and C1 = π((u0 + Λ1)× E), C2 = π(E × (v0 +
Λ0)) be intersecting smooth irreducible components of C with

∣∣Irr(π−1(C2))
∣∣ = dt

(always
∣∣Irr(π−1(C1))

∣∣ = dt). Then:

(i) ψ1(u) :=
∏
k∈Zd

∏
l∈Zt

σ
(
u− u0 − kAd − lB′t + e

2πik
d µ1

)
σ (u− u0 − kAd − lB′t)

for

µ1 ∈ C \ Λ,
(
e

2πi
d − 1

)
µ1 ∈ Λ, d ∈ {2, 3, 4},

ψ1(u) =
∏
k∈Z3

σ
(
u− u0 − kA6 + e

2πik
3 µ1

)
σ
(
u− u0 − (k + 3)A6 + e

2πik
3 µ1

)
σ (u− u0 − kA6)σ (u− u0 − (k + 3)A6)

for

µ1 ∈ C \ O√−3,
(
e

2πi
3 − 1

)
µ1 ∈ O√−3, d = 6,

ψ2(v) =
∏
k∈Zd

∏
l∈Zt

σ
(
v − e

2πik
d v0 − lB′′t + e

2πik
d µ2

)
σ
(
v − e

2πik
d v0 − lB′′t

) for µ2 ∈ C\Λ have pole divisors

(ψj)
E×E
∞ = π−1(Cj) and ψdj ∈ LE×E(dB, dBsing)ϕd(Gd,t);

(ii) if ψm1
1 , ψm2

2 , ψ0 ∈ LE×E(dB, dBsing)ϕd(Gd,t), mj ∈ N are such that Ψ :=
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(ψm1
1 , ψm2

2 , ψ0) : E × E > Ψ(E × E) is of deg(Ψ) = dt, then V (dn) :=

lC

(
θdn (π∗)−1 (So), ω

n
1[d], . . . , ω

n
h[d]

)
with So := {1, ψm1

1 , ψm2
2 , ψ0} provides a reg-

ular embedding ΦV (dn) : Z → P(V (dn)), ∀n ∈ N.

As a result, Φ[Γ,dn] : Z → P([Γ, dn]) = P
3e(X)dn(dn−1)

2
+h−1(C) is a regular

embedding for ∀n ∈ N.

Proof. (i) In ψ1(u), ψ2(v) one multiplies the arguments of σ by e−
2πik
d ,

in order to conform with the assumptions of Lemma 3 and to derive the (Λ,+)-
periodicity of these functions. Let us fix liftings g̃d := T (Ad, 0)

(
1 0

0 e
2πi
d

)
,

τ̃t := T (B′t, B
′′
t ) ∈ (T (C) o AutgrE)2 of gd, τt ∈ (AutE)2 = (T (E) o AutgrE)2.

Straightforwardly,
g̃d
∗(ψj)

ψj
,
τ̃t
∗(ψj)

ψj
have no zeroes and poles by

(
e

2πi
d − 1

)
B′′t ∈

Λ from the classification of Yd,t. Thus, there are cd,j , ζt,j ∈ C with g̃d
∗(ψj) =

cd,jψj , τ̃t∗(ψj) = ζt,jψj . By an induction on r ∈ N, (g̃d
r)∗ (ψj) = crd,jψj and

(τ̃t
r)∗ (ψj) = ζrt,jψj . Since g̃d

d, τ̃t
t ∈ T (Λ × Λ) preserve ψj , one has ψj =(

g̃d
d
)∗

(ψj) = cdd,jψj , ψj =
(
τ̃t
t
)∗

(ψj) = ζtt,jψj , whereas c
d
d,j = ζtt,j = 1. Thus,

g̃d
∗
(
ψdj

)
= [g̃d

∗(ψj)]
d = ψdj , τ̃t

∗ (ψtj) = [τ̃t
∗(ψj)]

t = ψtj and τ̃t
∗
(
ψdj

)
= ψdj , since t

divides d. That proves the ϕd(Gd,t)-invariance of ψdj and concludes (i).
(ii) By Lemma 2, ΦV (dn) is regular. Due to θdn(1)(Z \ M) ⊆ C∗ and

θdn(1)|M ≡ 0, ΦV (dn) (Yd,t \ C) ∩ ΦV (dn)(M) = ∅. The rational map Ψ :=

(π∗)−1 (Ψ) : Yd,t > Ψ(Yd,t) is of deg(Ψ) =
deg(Ψ)

dt
= 1. By assumption,

|Mi ∩ (∂ΓB/Γ)| ≥ 2, so that all the fibres of ΦV (dn)|Mi , ΦV (dn)|M are finite and
ΦV (dn), Φ[Γ,dn] are injective by V (dn) ⊆ [Γ, dn].

Theorem 5 (Di Cerbo and Stover [5]). Let E = C/Λ for Λ = O√−1,

λ0 := 0, λ1 :=
1

2
, λ2 :=

√
−1

2
, λ3 :=

1 +
√
−1

2
, Tj := λj +Λ ∈ E2−tor for 0 ≤ j ≤

3. Consider the elliptic curves Bj := E
(

1,
√
−1

j
)
, 1 ≤ j ≤ 4, B4+k := Tk × E,

B6+k := E × Tk, 1 ≤ k ≤ 2 and put B :=

8∑
j=1

Bj , g2 := T (T3, T3)
(

1 0
0 −1

)
∈

(AutE)2, tij := π(Ti, Tj) ∈ Y2 := E × E/〈g2〉. Then Cj := π(Bj),1 ≤ j ≤ 2
are singular, Ck := π(B2k−1), 3 ≤ k ≤ 4 are intersecting smooth components of

C :=

4∑
j=1

Cj, and the blow up X = (B/Γ)′ of Y2 at Csing = {t00, t11, t12} is a neat

toroidal compactification with e(X) = 3 and D := X \ (B/Γ) =
4∑
j=1

Dj.

From now on the notations from Theorem 5 are valid.
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Theorem 6. Note that

e157 :=
σ(iu− v + λ3)σ(−iu+ iλ1 + λ3)σ(v − λ1 + λ3)

σ(iu− v)σ(−iu+ iλ1)σ(v − λ1)
,

e467 :=
σ(u− v + λ3)σ(−u+ λ2 + λ3)σ(v − λ1 + λ3)

σ(u− v)σ(−u+ λ2)σ(v − λ1)
,

e56 :=
σ(u)σ(−u+ λ3)

σ(u− λ1)σ(−u+ λ2)
v are from LE×E

(
B,Bsing

)
. If

g̃2 := T (λ3, λ3)
(

1 0
0 −1

)
∈ (T (C) o AutgrE)2, then f134 := (π∗)−1(e157−g̃2

∗(e157)),
f234 := (π∗)−1 (e467 − g̃2

∗(e467)
)
, f3 := (π∗)−1 (e56) ∈ LY2

(
C,Csing

)
, Υ134 :=

θ1(f134), Υ234 := θ1(f234), Υ3 := θ1(f3) is a C-basis of [Γ, 1] and Φ[Γ,1] = [Υ134 :

Υ234 : Υ3] : Z → P([Γ, 1]) = P2(C) is a non-regular, finite dominant rational map.
Proof. Note that (ei1...is)

E×E
∞ = Bi1 + · · ·+Bis . For f ∈ LY2(C,Csing), Cj ⊂

(f)Y2∞ if and only if θ1(f)(κj) 6= 0. Let c1Υ134 + c2Υ234 + c3Υ3 = 0, ci ∈ C. The
evaluation at κi, 1 ≤ i ≤ 3 yields a homogeneous linear system on ci with invertible

coefficient matrix
(

Υ134(κ1) 0 0
0 Υ234(κ2) 0

Υ134(κ3) Υ234(κ3) Υ3(κ3)

)
and proves the linear independence of

Υ134, Υ234, Υ3. If Vi := {ω ∈ [Γ, n]|ω(κj) = 0, ∀1 ≤ j ≤ i}, Υ ∈ [Γ, 1], then
ϕ1 := Υ134(κ1)Υ − Υ(κ1)Υ134 ∈ V1, ϕ12 := Υ234(κ2)ϕ1 − ϕ1(κ2)Υ234 ∈ V2,
ϕ0 := Υ3(κ3)ϕ12 − ϕ12(κ3)Υ3 ∈ V3. When ϕo 6≡ 0, e := π∗θ−1

1 (ϕo) has (e)E×E∞ =

π−1(C4) = B7 + B8 by [Γ, 1]o = 0 and (e)E×(vo+Λ)
∞ = ∅, ∀vo + Λ ∈ E \ {T1, T2},

so that e = e(v) =
σ(v − α1)σ(v − λ3 + α1)

σ(v − λ1)σ(v − λ2)
= g̃2

∗(e) 6∈ LE×E(B,Bsing)ϕ1(〈g2〉)

is an absurd. Thus, ϕ0 ≡ 0, ϕ12 ∈ SpanC(Υ3), ϕ1 ∈ SpanC(Υ234,Υ3), Υ ∈
SpanC(Υ134,Υ234,Υ3) and Υ134, Υ234, Υ3 is a C-basis of [Γ, 1].

If Φ[Γ,1] := [Υ134 : Υ234 : Υ3], then Φ[Γ,1]|Y2\C = [f134 : f234 : f3] is not de-

fined at t03. Let f(u, v) :=
π∗(f234)(u, v)

π∗(f3)(u)
, whereas f(iu, v) = e

η(i)
2
π∗(f134)(u, v)

π∗(f3)(u)
and we need Ψ := (f(iu, v), f(u, v)) : Ao := E × E \ B > C2 to be of

rk(Ψ) = 2. For any φ : Ao > C denote grad(φ) :=

(
∂φ

∂u
,
∂φ

∂v

)
to have

T 1,0
p Ψ−1(x1, x2) = lC (grad(f(iu, v)), grad(f(u, v)))⊥. If rk(Ψ) < 2, then generi-

cally dim Ψ−1(x1, x2) = 1 and lC (grad(f(u, v)) = lC (grad(f(iu, v))) =
lC (grad(f(−u, v)). Thus, Ψo := (f(−u, v), f(u, v)) : Ao > C2 is of rk(Ψo) = 1,

ζ(u, v) :=
f(−u, v)

f(u, v)
: Ao > C takes finitely many values by f(u, v)(Ao) = C

and ζ(u, v) ≡ Co ∈ C. If fε(u, v) :=
1

2
[f(u, v) + εf(−u, v)], ε = ±1, then

(1 − Co)f1(u, v) = (1 + Co)f−1(u, v) requires Co = ±1. Due to π∗(f3)(−u) =
−π∗(f3)(u), π∗(f234)(−u, v) = −Coπ∗(f234)(u, v) and e2467(u, v) = e2458(u, v)
for e2467(u, v) := e467(−u, v) + Coe467(u, v), e2458(u, v) := g̃2

∗(e2467)(u, v). If

C. R. Acad. Bulg. Sci., 76, No 1, 2023 9



v + Λ 6= T1, T2, then ∞ = e2467(λ2, v) = g̃2
∗(e2467)(λ2, v) = e2467(λ1, v) = 0 is an

absurd, showing rk(Ψ) = 2.
Corollary 7. Note that

ψ1(u) := e56(u), ψ2(v) = h78(v) :=
σ(v)σ(−v + λ3)

σ(v − λ1)σ(−v + λ2)

belong to LE×E
(
B,Bsing

)
, h467(u, v) :=

σ(u− v + λ1)σ(−u+ λ2 + λ1)σ(v)

σ(u− v)σ(−u+ λ2)σ(v − λ1)
is

from LE×E
(
B, 2Bsing

)
and let ωi[2] ∈ [Γ, 2], i ∈ {1, 2, 4} satisfy (1). Then ψ0 :=

h467 + g̃2
∗(h467), ψ2 ∈ π∗LY2(C, 2Csing), the rational map Ψ :=

(
ψ2

1, ψ2, ψ0

)
:

E×E > Ψ(E×E) is of deg(Ψ) = 2, V (2n) := lC

(
θ2n (π∗)−1 So, ω

n
1[2], . . . , ω

n
4[2]

)
with So :=

{
1, ψ2

1, ψ2, ψ0

}
has dimV (2) = 7, dimV (2n) = 8, ∀n ≥ 2 and the

morphisms ΦV (2n) : Z → P(V (2n)), Φ[Γ,2n] : Z → P9n(2n−1)+3(C) are regular
embeddings for ∀n ∈ N.

Proof. At ∀x1 ∈ C∗, (ψ2
1)−1(x1) = ψ−1

1 (
√
x1)
∐

ψ−1
1 (−

√
x1) ⊂ E × E,

ψ−1
1 (ε

√
x1) = {(P (ε

√
x1), Q), (T3 − P (ε

√
x1), Q) |Q ∈ E}, ε = ±1 by (ψ1)E∞ =

{T1, T2}. Since 〈g̃2〉 acts on (ψ2
1)−1(x1), if P (

√
x1) 6∈ E2−tor, then ψ−1

1 (−
√
x1) =

{(T3 +P (
√
x1), Q), (−P (

√
x1), Q) |Q ∈ E}. Also ψ−1

2 (x2) = {(P,Q(x2)), (P, T3−
Q(x2)) |P ∈ E}, ∀x2 ∈ C by (ψ2)E∞ = {T1, T2}. If 2P (

√
x1), 2Q(x2) 6∈ 〈T3〉, then

(ψ2
1, ψ2)−1(x1, x2) =

∐
P∈S12

Orb〈g̃2〉(P,Q(x2)) for S12 := {±P (
√
x1), T3∓P (

√
x1)},

|S12| = 4,
∑
P∈S12

P = T0 and (ψ2, ψ0)−1(x2, x3) =
∐

P∈S20

Orb〈g̃2〉(P,Q(x2)) with∑
P∈S20

P = T3 by (ψ0(u,Q(x2))E∞ = {±Q(x2), T1, T2}, where |S20| = 4 for a generic

x3 ∈ C. That implies
∣∣Ψ−1(x) ∩ [E ×Q(x2)]

∣∣ < 4, |Ψ(x)| < 8 and deg Ψ ∈
{2, 4} as a divisor of deg(ψ2, ψ0) = 8. If deg(Ψ) = 4 and x = (x1, x2, x3) ∈ C3

is generic, then Ψ−1(x) = Orb〈g̃2〉(P (
√
x1), Q(x2))

∐
Orb〈g̃2〉(P,Q(x2)) for P ∈

S12 \ {P (
√
x1)}. Thus, ψ0 satisfies exactly one of the following 3 identities: (A)

ψ0(u, v) = ψ0(λ3−u, v), (B) ψ0(u, v) = ψ0(λ3 +u, v) or (C) ψ0(u, v) = ψ0(−u, v).
For 2(vo+Λ) 6∈ 〈T3〉, note that ψ0(vo, vo) =∞ 6= ψ0(λ3±vo, vo) rules out (A), (B).
If (C), h2467(u, v) := h467(u, v) − h467(−u, v), h2458(u, v) := −g̃2

∗(h2467)(u, v),
then h2467(u, v) = h2458(u, v) and h2467(λ2, vo) = ∞ 6= −h2467(λ1, λ3 − vo) =
h2458(λ2, vo) for vo+Λ ∈ E \E2−tor. Thus, deg Ψ = 2 and the regular map ΦV (2n)

is injective.
Note that dim (V (2n)/V (2n) ∩ [Γ, 2n]o) = 4 by ωni[2] ∈ V (2n). Due to 1, ψ2,

ψ0 ∈ π∗LY2(C, 2Csing) ⊆ π∗θ−1
2n ([Γ, 2n]o), ∀n ∈ N and ψ2

1 ∈ π∗LY2(2C, 2Csing) ⊆
π∗θ−1

2n ([Γ, 2n]o), ∀n ≥ 2, one has V (2) ∩ [Γ, 2]o = lC(θ2 (π∗)−1 (So \ {ψ2
1})) and

V (2n) ∩ [Γ, 2n]o = lC(θ2 (π∗)−1 (So)) for ∀n ≥ 2. If uo + Λ ∈ E \ E2−tor, then
(uo+Λ, uo+Λ) ∈ (ψ0)E×E∞ \

(
(ψ2

1)E×E∞ ∪ (ψ2)E×E∞
)
, so that ψ0 6∈ SpanC(1, ψ2

1, ψ2).

10 A. Kasparian



That is why, dim(V (2)∩[Γ, 2]o) = 3 and dim (V (2n) ∩ [Γ, 2n]o) = 4 for ∀n ≥ 2.

REFERENCES

[1] Baily W., A. Borel (1966) Compactification of arithmetic quotients of bounded
symmetric domains, Ann. Math. (2), 84, 442–528.

[2] Holzapfel R.-P. (2001) Jacobi theta embedding of a hyperbolic 4-space with cusps,
In: Third International Conference on Geometry, Integrability and Quantization June
14–23, 2001, Varna, Bulgaria (eds Ivailo M. Mladenov and Gregory L. Naber), Sofia,
Coral Press, 11–63.

[3] Beshkov P. G., A. K. Kasparyan, G. K. Sankaran (2019) Saturated and primi-
tive smooth toroidal compactifications of ball quotients, Ann. Sofia Univ., Fac. Math.
and Inf., 106, 53–77.

[4] Holzapfel R. P. (2001) Abelian approach to Picard modular forms: Dimension
formulas, Humboldt Univ. Berlin Preprint, 01-14.

[5] Di Cerbo L.F., M. Stover (2019) Punctured spheres in complex hyperbolic sur-
faces and bi-elliptic ball quotient compactifications, Trans. Amer. Math. Soc., 372(7),
4627–4646.

[6] Beshkov P., A. Kasparian (2022) Smooth toroidal compactifications with bi-
elliptic minimal model and Euler number ≤ 3, (in progress).

Faculty of Mathematics and Informatics
Sofia University “St. Kliment Ohridski”

5 James Bouchier Blvd
1164 Sofia, Bulgaria

e-mail: kasparia@fmi.uni-sofia.bg

C. R. Acad. Bulg. Sci., 76, No 1, 2023 11


