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Abstract

The differential operator Df = f’ is a canonical example of unbounded
operators in many Banach spaces. In this study, we identify a class of weighted
Fock spaces in which the differential operator is bounded. Then, we obtain
some properties of the differential operator on these spaces in terms of its C*-
algebraic structure in the one and two-dimensional cases.
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1. Introduction. For an analytic function f, the differential operator D f =
f is an important object in operator theory and function spaces. Many basic
properties such as boundedness, compactness and spectra have been extensively
studied when acting on several function spaces in various domains, see for example
[175] and the references therein. In this paper, we first identify the weighted Fock
spaces ]:(a p)((C), a > —2,0 < p < oco. These spaces are very natural, but unlike
many analytic function spaces, including the classical Fock space [6], Fock—Sobolev
spaces ||, and generalized Fock spaces [*], where the weight decays faster than the
Gaussian weight, the differential operator is bounded on F? (o, )(C) This property
motivates us to 1nvest1gate the other properties of the differential operator on the
weighted Fock spaces ]-"(a »(C).
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We first obtain the structure of the C*-algebra C*(D) generated by D. It is
shown that C*(D) contains the ideal of all compact operators on .7:(2a7p) (C) as the

commutator ideal. Second we treat the C*-algebra C* i, i of the partial
821 8z2
differential operators 9 and 9 on the weighted Fock spaces .7-"(20‘,1,) (C?) using

821 82’2

a tensor product machinery exactly along the same line as in [8]. It turns out that
0
the structure of the C*-algebra C* <, —
821 62’2
C*(D).

2. Main results. Let @ > —2, 0 < p < oo. The weighted Fock spaces

> is much more complicated than

F(Za,p) (C) consist of all entire functions f on C such that
1= [ 1P A () < 0,
where

]‘ «  —p|z
dAap)(2) = o|2|%e PdA(2)

and dA(z) denotes the usual Lebesgue area measure on C.

It is clear that ]-"(zavp)((C) is a Hilbert space with the inner product

(.9 ap) = /@ F(2)9E)dA (g (2), 1.9 € FE,,)(C)

and containing all polynomials of z. Note that monomials are mutually orthogo-
zn
=1 form an orthonormal basis
||Z H(a,p)
for }"(QG ) (C). Some basic computations show that, for any nonnegative integer n,

p2n+a+2
1 == 2" >-20<p<
( ) en(z) F(2TL—|—O[—+—2)Z ’ « ) p 0,

where I' is the Gamma function.

We first consider the differential operator Df = f’' on the weighted Fock
spaces ]-"(Za,p) (C), @ > —2, 0 < p < oo. This operator is bounded on .7:(2&7]))(@):

Proposition 2.1. Let a > =2, 0 < p < oo. The differential operator D is
bounded on .7:(2a7p)((C).

nal, so the normalized monomials e,(z) :
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Proof. Using the equality

n n 1 n|.|a,—plz
B H%a,p) :/c’Z PdAqp)(2) = %/Clz\Q 2| e PldA(2)

1 0o 27

— 2/ / 2 e P drdf
T
- o Jo

= / prratle=er gy
0

_I'@2n+a+2)
p2n+a+2 ?
we obtain
_ _ I'(2n + «)
DGy = 0 Wy = 21" My = 22

The equality I'(z + 1) = 2I'(z), Re(z) > 0 implies that
F'Cn+a+2)=2n+a+1)2n+a)I'(2n + a)

and then,
D2 :n2F(2n+a) _ n’I'(2n + o + 2)
(a.p) p2nta p2rre(2n 4+ o+ 1)(2n + )
2,2
n’p
= 2" o

2n+a+1)2n+ )
This gives the boundedness of D.

O

The special case of this result, where @ = 0 and p = 2, is already contained

in ([*], Theorem 1.1).

Recall that a weighted unilateral shift operator 7' on a (complex) Hilbert
space H is an operator that maps every vector in an orthonormal basis {e;, }>0
into a scalar multiple of the next vector, i.e., Te,, = wpen41 for all n. Weighted

unilateral shifts are described in detail in [°]. Since for any n > 1,

p2n+a+2 p2n+a+2 1
Den=D (/oo 2"| =/ =2 _pz
n T2n+a+2) )

T(2n+ a+ 2

np2n+a+2/22n71

V@n+a+1)2n+a)T(2n +a)

pn
= €n—1

VE@n+a+1)2n+a)

and Deg = 0, the differential operator D on F2, (C) is the weighted backward

(c,p)
shift with the weight

d, = pn

Vienta+1)(2n+a)
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that is, De, = dpep—1, n > 1 and Deg = 0. Some basic computations show that
the adjoint of D is of the form

D*en = Qn€npt1, N > 07
which is the unilateral weighted shift with the weight

p(n+1)
Vinta+3)2nt+a+2)

O = dn+1 =

To understand the structure of the C*-algebra C*(D) generated by D, we need
the following fact.

Proposition 2.2 (['°], Proposition 1). Let A be a C*-algebra acting irre-
ducibly on a Hilbert space H and having non-zero intersection with the ideal IC(H )
of all compact operators on H. Then K(H) C A and K(H) C Z for any nontrivial
ideal T in A.

Recall that a C*-algebra A is called irreducible if the only closed vector
subspaces of H that are invariant for A are 0 and H ['9].

Theorem 2.3. Let a > —2, 0 < p < oco. The C*-algebra C*(D) contains
the ideal IC(}"(Qmp)((C)) of all compact operators on .7:(2a7p)(((3). The commutator
ideal of C*(D) is IC(}"(Qmp)((C)), in particular, the quotient C’*(D)/IC(}"(Qajp) (C)) is
commutative.

Proof. We first show that the operator DD* — D* D is compact. Since D*
is the unilateral weighted shift with the weight

o = p(n+1)
/@it a+3)2n+a+2)

for n > 1,
(DD* — D*D)e, = (a2 — a2_)en,

and

2ol = p*(n+1) B p°n?
ol T Onta+3)2n+a+2) 2n—-24+a+3)2n—-2+a+2)

p2(n+ 1)2 p2n2

Cn+a+3)2n+a+2) (2Cn+a+1)2n+a)

goes to zero as n — oo. This implies that the operator DD* — D*D is compact
by (|?], Proposition 4). On the other hand, ([*'], Theorem 1) tells us that D* is
irreducible, so that the C*-algebra C*(D) is irreducible. Since DD*— D*D is com-

pact and contained in the irreducible C*-algebra C*(D), the ideal IC(]-'(2a7p)((C)) of
all compact operators on .F(Za’p) (C) is contained in C*(D) and IC(]:(Qa’p) (C)czI

for any nontrivial ideal Z in C™(D) by Proposition (2.2). Then, the commutator
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ideal of C*(D) is IC(f(2a7p)(C)) and the quotient algebra C*(D)/K(Ffmp) (C)) is
commutative. O

Since the quotient C*(D)/K(ffmp) (C)) is commutative, by the Gelfand—Nai-
mark Theorem ([*], p. 92, Theorem 4.29), C*(D)/K(ffmp) (C)) is isometrically *-
isomorphic to the space C'(M) of all continuous functions defined in the maximal
ideal space M of C*(D)/K(F2, ,(C)). From this it follows that the following

(e,p)
sequence

(2) 0 — K(F2,,(C)) -1 C*(D) ™ C(M) — 0
is short exact.
We can extend the results in the one-dimensional case to the two—dimensio%al

complex space C2. To do this, we consider the partial differential operators P
21

0
and 9 on ]:(20‘71,) (C?).

Let @ = (a1, a2) and p = (p1,p2) be multi-indexes such that a; > —2 and
0 < p; < 00,4 =1,2. The weighted Fock spaces .7:(2a7p) (C?) consist of all entire

functions f on C? such that
1y = [, 1F1,2) P 1, 22) <

1
W’Z”al |22|a26_p1|Zl‘6_p2|22‘dA(21)dA(22), Observe

that dA(ap)(Zl, 22) = dA(al’pl)(Zl)dA(a%m)(Zg).

It is clear that f(za’p) (C?) is a Hilbert space with the inner product

where dA(q p)(21,22) =

(fs 9 (ap) = /62 f(z1,22)9(21, 22)dA(a p) (21, 22), f,9 € f(za,p)((cz)

and containing all polynomials of z1, z».
For any multi-index (m,n) such that m,n > 0 and z = (21, 22) € C?, let

p2m+a1+2p2n+a2+2
3 — 1 2 m . n
(3) nm =) =\ Tam + a1 )0 @0 +ag + 21 2

where 0 < p; < 00, a; > —2, 7= 1,2 and I is the Gamma function. Similar to the
one variable case, it is easy to show that the set {e(, ,)}mn>0 is an orthonormal
basis for ‘7:(2&71,)(((:2).

Proposition 2.4. The partial differential operators P and — are bounded

2 2 A1 =2
on f(a,p)((c )
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0
Proof. It is enough to show the boundedness of —. With basic computa-
21

tions we obtain for any multi-index (m,n) such that m,n >0,

2

0 _
oncr| =i,
a7p
B mQF(Qm +a)l'2n+ a2 +2)
- 2m—+a1  2n-+ao+2 :
Py Y2

The equality I'(z + 1) = 2I'(2), Re(z) > 0 implies
F2m+a1+2)=02m+ a1 +1)2m+ a1)T'(2m + aq)

and

2 r'2m —;— a)l'(2n + ag + 2)
(ap) p1m+a1pgn+a2 +2
m2T(2m + a1 +2)I'(2n + ag + 2)
B PN (2m 4 ay + 1)(2m + g )pa Tt
m?p?

= 12725 I )
2m+ a1 +1)2m+ aq) P

This gives the boundedness of 83 O
Z1

As in the one-variable case, we can consider the structure of the C*-algebra

cr ((921, (982’2> of the partial differential operators 8821 and 5’822 on f(Qa’p)((CQ).

To study this structure, we use a tensor product machinery exactly on the same
line as in [*]. In [?], DouGLAs and HOWE study Toeplitz operators on the Hardy
spaces of the bidisc reducing the bidisc case to the classical one-variable case by
using the device of the tensor product C*-algebra. To this end, we need to recall
the following facts.

Let H and K be two given Hilbert spaces. On the algebraic tensor product
H ® K of H and K, there is a unique inner product (.,.) satisfying the following
equation

(11 @Y1, 72 ®y2) = (T1,72) 5 (Y1, Y2) K

for all x1,29 € H and y1,y2 € K (see ['*], p. 185). For any T € B(H) and
S € B(K) there is a unique operator T®S € B(H ® K) satisfying the following
equation:

(T®S)(z@y) =Tz ® Sy.

For any two C*-algebras A C B(H) and B C B(K) the algebraic tensor product
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A ® B is defined to be the linear span of operators of the form TS i.e.

n
AOB=4> T;0S;:T,€A, S;€B
j=1

The algebraic tensor product A ® B becomes a *-algebra with multiplication

(1 ®@y1)(x2 ® y2) = T122 @ Y1Y2

and involution

(zey) ="y

However, there might be more than one norm making the closure of A ® B into
a C™-algebra. A C*-algebra A is called “nuclear" if for any C*-algebra B there is
a unique pre C*-algebra norm on the algebraic tensor product A ® B of A and
B. We will always denote by A ® B the C*-algebra obtained by completing the
algebraic tensor product of A and B with respect to this norm.

A well-known theorem of Takesaki asserts that any commutative C*-algebra
is nuclear (['*], p. 205). An extension of a C*-algebra by nuclear C*-algebras is
nuclear, i.e. if A, B and C are C*-algebras such that the following sequence

05AL B C =0

is short exact and A and C' are nuclear, then B is also nuclear (['*], p. 212). For
any separable Hilbert space H the C*-algebra of all compact operators K(H) on
H is nuclear ([*3], p. 183 and 196). For any separable Hilbert spaces H; and Ho
we have from ([¥], p. 207)

Lemma 2.5. For any multi-indexes oo = (a1, a2) and p = (p1,p2) such that
a; > =2 and 0 < p; < 00, i = 1,2, the weighted Fock space ]:(2a’p)((C2) can be
identified as the tensor product of the spaces ]:(2a17p1)((C) and f(2a27p2)((:).

Proof. We define a map U from f(2a17p1)(C) ® .7-"(20[24)2)(((3) onto .7:(2&71,) (C?)
such that

Ulem(z1) @ en(22)) = e(mn) (21, 22),

where €, en, and €y, ) are orthonormal bases of f€a17p1)((C), ]:(20[27172)(@) and

]:(20[71)) (C?), respectively, and defined as in equations (1) and (3). Then, for any
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f(z1) = Z em21's g(z2) = Zdnzg € ]:(20[2,],2)(@), we have

m=1 n=1

oo
U(f ®g) =U <Z Cm?Z2q ) Zdnz2 )
i o m WD2m+ o +2)  pimtert?
T pEmAet2 T(2m 4 g + 2)
® Z d Z F(2n + (6] =+ 2) p§n+a2+2
ne2 p2n+a2+2 F(2n + a9 + 2)

(Z " 2m+a1+2)r(2n+a2+2)< prrtentz

2m—+o1 +2 p§n+a2+2 F(Qm Tal+ 2) 2
o p§n+o¢2+2 zn
T(2n+az +2)7

F'Cm+a1+2)I'2n+ az +2)
- U <Z Cm n 2m+a1+2 p2n+a2+2 (em(ZI) ® en(ZQ))
2

r2m+a; +2)T'2n+ as +2)
- Z Cmd 2m+a1+2 p2n+a2+2 €(m,n) (Zla Z2)
2

= Zcmdnz{nzg = (Z Cm2’71n> (Zd ZQ) = f(21)g(22).
m,n m=1

This shows that U can be unitarily extended to any f,g, that is, ]:(2a7p) (C2) is
)(C) ® ]:( C). O

a1,P1

isometrically isomorphic to ]:(2
The short-exact sequence (2)

as pz)(

0 — K(F2,,)(C) L+ C*(D) " C(M) — 0

shows us that C*(D) is nuclear since IC(}"( »(C)) is nuclear and C(M) is com-
mutative and hence nuclear. Therefore all the C*-algebras in this paper will be
nuclear.

o 0
Following the approach in [®], we identify the C*-algebra C* <, ) with

821 82’2
C*(D)®C*(D) corresponding to the identification of .7:(20‘4)) (C?) with .7:(20[171)1) O)®
]:(20427172) (©).

For simplicity, the spaces .7:( )((C2) .7:(&1 (C); }_(2(12,172)(((:) will be denoted
by f(a ) ]:(al ) ]:(2 respectlvely. Similarly, the ideals IC(f(Qam)((CQ)),

0427?2)7

K(F? y(C)) and IC(]:(Za%pZ)((C)) will be denoted by K, K1, Ko, respectively.

(01,p1
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0
We can define the partial operators — and — as
821 822

8z1f(zl’z2) =D®I=Df(z,)

and

622]0(21;22) :I®D:Df()22)

o 0 0
for any f € ]-"(2a7p), respectively. Since C* <8z1’ 622) is generated by 9o and

——, and C*(D) is nuclear,

822

0*< 0 9 > = C*(D) ® C*(D).

921 9z
Moreover, we know from Equation (4) that
K=K ®K,.

We now recall the following facts.
Theorem 2.6 ([**|, Theorem 6.5.2, p. 211). Let J, A, B and D be C*-
algebras and suppose that

0—J 2 AT5B—0

is a short exact sequence of C*-algebras. Suppose also that B @ D has a unique
C*-norm (this is the case if B or D is nuclear). Then

0—>J®D@>A®D@B®D—>O

is a short exact sequence of C*-algebras.
Proposition 2.7 (|*|, Proposition 3). If X is a compact Hausdorff space
and B is a C*-algebra, then C(X) ® B is naturally isomorphic to the C*-algebra
n

C (X, B) of continuous functions from X to B. Moreover, zfz fi®B; in C(X)®B
=1

n
correspond to F in C(X,B), then F(z) = Z fi(z)B;.
i=1
Applying Theorem 2.6 to the short exact sequence (2), we set the following

C. R. Acad. Bulg. Sci., 76, No 7, 2023 987



commutative diagram with exact rows and columns.

0 0 0
I \ \

0 — Kok 2 ocmek, ™ oMok, — 0
1 1®j 1 1®j 1)

0 — Kiec'(D) = c'D)yecD) ™ oM ec* (D) — 0
1 1er 1 1er 1o

0 — Kieom 2 crpyeom " oM eCM) — 0
\ { {
0 0 0

Consideration of the diagonal map shows that the commutator ideal of
C*(D) ® C*(D) is the subspace spanned by C*(D) ® Ky and K1 ® C*(D) and
the corresponding quotient is C(M) ® C(M) which is naturally isomorphic to
C(M x M). We are primarily interested, however, in the dual sequence

0 — K1 @Ky = C*(D) © C*(D)

where a« = (1® 7)(j ®1) = (j ® 1)(1 ® j) which is exact. The proof involves
routine diagram chasing.

We now have the following result.
Proposition 2.8. There exist x-homomorphisms 7, and 7., from

W ) o 0\
C <821’a,32> onto C(M,C (D)) such that Yz <821822> = F  and

o 0 . B . 9
%QM&J=awmuwwo=%ﬂm»mMWWﬂ=%ﬂwﬁ

and f € M. Moreover, under natural identification of C* <88z1’ 68,22> with
C*(D) ® C*(D), C(M) ® C*(D) with C(M,C*(D)) and C*(D) @ C(M) with
CM,C*(D)), thenmt®@1 =", and 1 @ T = ,,.

The proof can be obtained similar to the proof of Proposition 3.1 in [14]. So,
we shall omit it.

We now restate preceding the exactness result as follows:

Theorem 2.9. The sequence

mﬁn;w%aay@%amwwmwmcwm—w
15 exract.
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o 0

In other words, the quotient algebra C* | —, —
621 822

>/IC is isometrically

s*-isomorphic to C(M, C*(D)) & C(M, C*(D)).

']
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