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Abstract

In this note, we define the 1-absorbing prime ideals and 1-absorbing pri-
mary ideals in the amalgamations of A with B along J with respect to f denoted
A ./f J and give some results.
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1. Introduction. We assume throughout that all rings are commutative with
1 6= 0 and all modules are assumed to be unital. Among the many generalizations
of the prime ideals in the literature, we focus on the 1-absorbing prime ideals
and 1-absorbing primary ideals, which were studied in [1] and [2], respectively. A
proper ideal I is called 1-absorbing prime if for all non-unit elements a, b, c ∈ R
such that abc ∈ I, then either ab ∈ I or c ∈ I. Some properties of 1-absorbing
prime ideal were studied in [1]. For instance, they showed if I is a 1-absorbing
prime ideal ofR, then

√
I is a prime ideal ofR. IfR admits 1-absorbing prime ideal

which is not a prime ideal, then R is a quasi-local ring. The equivalent condition
to the definition of 1-absorbing prime ideal with the ideals of R was proved. Also,
they gave the 1-absorbing prime avoidance theorem for the 1-absorbing prime
ideal. On the other hand, a proper ideal I is called 1-absorbing primary if for all
non-unit elements a, b, c ∈ R such that abc ∈ I, then either ab ∈ I or c ∈

√
I.
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Some properties of 1-absorbing primary ideal were studied in [2]. Firstly, they
showed the following implications hold, and none of them is reversible:

Primary ideal ⇒ 1-absorbing primary ideal ⇒ 2-absorbing primary ideal

The authors (in [2]) define the 1-absorbing primary ideal of R that is not a primary
ideal of R, and a 2-absorbing primary (studied by Badawi et al. in [3]) ideal of R
that is not 1-absorbing primary ideal of R. They showed (in [2]) if I is a 1-absorbing
primary ideal of R, then

√
I is a prime ideal of R and if R admits a 1-absorbing

primary ideal of R which is not a primary ideal, then R is a quasilocal ring. A
method is also given to construct 1-absorbing primary ideals of commutative rings
that are not primary ideals. Also, they gave an equivalent condition with ideals
to the definition of 1-absorbing primary ideal.

Let A and B be two rings, J be an ideal of B, and f : A → B be a ring
homomorphism. Meanwhile, let us take the following subring of A×B:

A ./f J := {(a, f(a) + j) : a ∈ A, j ∈ J}

which is named the amalgamation of A and B along J with respect to f. This
construction is a generalization of the amalgamated duplication of a ring along
an ideal denoted by A ./ J , which was introduced and studied by D’Anna and
Fontana in [4]. In [5,6], they studied amalgamations in the frame of pullbacks.
Many basic properties of various ideal and ring-theoretic can be obtained with the
help of this method. This topic is a significant and interesting concept studied
by many well-known algebraists. This concept of amalgamation resides in their
ability to cover basic constructions in commutative algebra, including pullbacks
and trivial ring extensions (also called Nagata’s idealizations).

Besides, constructions such as the A + XB[X], the A + XB[[X]] and the
D+M can be studied as particular cases of the amalgamation ([5], Examples 2.5
and 2.6) and other classical constructions, such as CPI extensions (in the sense
of Boisen and Sheldon [7]) are definitely related to it ([5], Example 2.7 and
Remark 2.8). In [5], the authors studied the basic properties of this construction
such as characterizations for A ./f J to be a Noetherian ring, an integral domain,
and a reduced ring. Also, they characterized those distinguished pullbacks that
can be expressed as an amalgamation.

Furthermore, in [6] they studied the structure of the ring of the form A ./f J ,
with certain caution to the prime spectrum to the chain properties and to the
Krull dimension.

In [8], the authors gave the structure of the ring of the form A ./f J , with
particular attention to the form of weakly prime ideals and too weakly Krull
dimension.

In [9], the authors studied n-absorbing ideals and strongly n-absorbing ideals
in the amalgamation of A with B along J with respect to f denoted by A ./f J
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and gave some results. For a ring they described Spec(R), (resp. Max(R))
were the set of all prime (resp. Maximal) ideals of R not containing I. More-
over, they denoted by Nil(R) (resp. Jac(R)), the set of nilpotent elements of R
(resp. the Jacobson radical of R). In [10], they studied over 1-absorbing prime
ideals and 1-it absorbing primary ideals of amalgamations through their defini-
tions. But we studied by using isomorphism in ([5], Proposition 5.1.(2)) like [9].
Also, our main results Theorem 1 and Theorem 2, are more precise because they
are unconditional. However, their main theorems depend on some conditions
such as A ./f J be a local ring, I is not primary. In this note, we define the
1-absorbing prime ideals and 1-absorbing primary ideals in the amalgamations of
A with B along J with respect to f denoted A ./f J with some results. For
example, we give the 1-absorbing prime ideals of A ./f J when A is a Noetherian
integral domain which is not a field, a quasi-local ring, localization of ring and
1-absorbing primary ideals of A ./f J when A is a valuation domain, Prufer do-
main, Noetherian integral domain, a Dedekind domain, and localization of ring.

2. 1-absorbing prime ideals of amalgamations. To avoid repetition, let
us use the notation for the rest of the paper. Let A and B be rings and f : A→ B
be a ring homomorphism, and J be an ideal of B. All along the paper, A ./f J
denotes the amalgamation of A with B along J with respect to f. Let I be an
ideal of A and K be an ideal of f(A) + J . Let us define the sets:

I ./f J := {(i, f(i) + j) : i ∈ I, j ∈ J}

K
f
:= {(a, f(a) + j) : a ∈ A, j ∈ J, f(a) + j ∈ K}

I ×Kf
:= {(a, f(a) + j) : a ∈ I, j ∈ J, f(a) + j ∈ K}.

It is clear that I ./f J , Kf , I ×Kf are ideals of A ./f J . Our first result explains
when the ideals I ./f J , Kf and I ×Kf are 1-absorbing prime ideals of A ./f J.
Besides we will study non-unit elements a, b, c ∈ R along this note.

With some conditions, the following theorem is given in ([10], Theorem 2.1).
However, we will give its unconditional and prove by isomorphism in [5].

Theorem 1. Under the above notations, the following statements hold:
1) I ./f J is a 1-absorbing prime ideal of A ./f J if and only if I is

1-absorbing prime ideal of A.
2) If I is 1-absorbing prime ideal of A and K is 1-absorbing prime ideal of

f(A) + J , then I ×Kf is a 1-absorbing prime ideal of A ./f J.

3) K
f is a 1-absorbing prime ideal of A ./f J if and only if K is a 1-absorbing

prime ideal of f(A) + J.

To prove Theorem 1, we shall give the following lemmas, respectively.
Lemma 1 ([1]). Under the above notations with f(1) = 1 and f(a) being

non-unit element in B, the following statements hold:
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1) If J is a 1-absorbing prime ideal of B, then f−1(J) is a 1-absorbing prime
ideal of A.

2) Suppose that f is surjective and I is an ideal of A containing ker(f). Then
I is a 1-absorbing prime ideal of A if and only if f(I) is a 1-absorbing prime ideal
of B.

Proof. First part is proved in ([1], Theorem 2.16(1)).
We will prove only the second part of this lemma.
⇒: it done in [1] Theorem 2.16.(2).
⇐: Let us take I = Ker(f) and J = I in ([1], Corollary 2.17), we obtain

I/Ker(f) is 1-absorbing prime ideal of A/Ker(f). On the other hand, since
A/Ker(f) ∼= B and I/Ker(f) is 1-absorbing prime ideal of B, then by Lemma
1.(1) we get f−1(I/Ker(f)) = I is 1-absorbing prime ideal of A, as desired.

Lemma 2. Under the above notations, the following hold:
1) Let A ⊆ B be an extension of rings and J be a 1-absorbing prime ideal of

B. Then A ∩ J is a 1-absorbing prime ideal of A.
2) Assume that I and J are proper ideals of A with I ⊆ J and U(R/I) =

{a+ I : a ∈ U(R)}. Then J is a 1-absorbing prime ideal of A if and only if J/I
is a 1-absorbing prime ideal of A/I. Especially, I is a 1-absorbing prime ideal of
A if and only if {0} is a 1-absorbing prime ideal of A/I.

Proof. 1) The statement is directly corollary of Lemma 1(1), if we can see
f−1(J) = A ∩ J.

2) By ([1], Corollary 2.17), we get the statement’s first part and take especially
I = J ; we hold the second statement of the lemma.

Proof of Theorem 1. Recall that
A ./f J

I ./f J
∼=
A

I
([5], Proposition 5.1.(2)).

Consider the ring homomorphism v :
A ./f J

I ./f J
→ A

I
.

1) By assertion of Lemma 2(2), I is a 1-absorbing prime ideal of A if and

only if {0} is ideal of A
I

and by isomorphism if and only if {0} is ideal of A ./f J

I ./f J
and assertion of Lemma 2(2), I ./f J is ideal of A ./f J , as desired.

2) Let ai be non-unit elements of A and ji ∈ J and so f(ai) + j ∈ K for
i = 1, 2, 3. Assume that (a1, f(a1)+j1)(a2, f(a2)+j2)(a3, f(a3)+j3) ∈ I ×K

f and
implies (a1a2, j2f(a1)+j1f(a2)+f(a1)f(a2)+j1j2)(a3, f(a3)+j3) ∈ I ×K

f . Since
f is a ring homomorphism we get (a1a2, f(j2a1 + j1a2 + a1a2) + j1j2)(a3, f(a3) +

j3) ∈ I ×K
f
. On the other hand, since I is an 1-absorbing prime ideal of A, if

a1a2a3 ∈ I, then either a1a2 ∈ I or a3 ∈ I. If a1a2 ∈ I, since j2a1+j1a2+a1a2 ∈ A
and j1j2 ∈ J , then (a1a2, f(j2a1 + j1a2 + a1a2) + j1j2) ∈ I ×K

f . If a3 ∈ I, then
(a3, f(a3) + j3) ∈ I ×K

f , as desired.
3) Let K be 1-absorbing prime ideal of f(A) + J . Let us define the map

pγ : A ./f J → f(A) + J with (a, f(a) + j) 7−→ f(a) + j. Clearly, pγ is surjective
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and Ker(pγ) = A× {0} ⊆ Kf and pγ(K
f
) = K. Hence by Lemma 1 (2), we have

the desired result.
Corollary 1. Let f : A → B be a ring homomorphism, J be an ideal of B,

and I, P,M be an ideal of A. Consider a positive integer n. Then the following
assertions hold:

1) Let A be a Noetherian integral domain which is not field and I an ideal of
A. Moreover if A is a Dedekind domain, then I ./f J is 1-absorbing prime ideal
of A ./f J . Also in this case I = P or I = P 2, where p =

√
I is a prime ideal of

A.
2) If A is quasi-local π-regular with a maximal ideal M = Nil(A) 6= {0} such

that (M2 : a) ⊆ rx for each nonzero x ∈M , ∀r ∈ A and a ∈M, (x) and I is any
nonzero proper ideal of A, then I ./f J is 1-absorbing prime ideal of A ./f J.

3) Assume that Nil(A) and P be divided prime ideals of A. Then P 2 ./f J
is 1-absorbing prime ideal of A ./f J.

4) Let A be a ring, I be proper ideal of A and S be a multiplicative closed
subset such that I∩S = ∅. If I is 1-absorbing prime ideal of R such that I∩S = ∅,
then S−1I ./f J is 1-absorbing prime ideal of S−1A ./f J.

5) Let M be an A-module and I(+)N be a homogenous ideal of the ring
A(+)M . If I(+)N is a 1-absorbing prime ideal of A(+)M , then I ./f J is
1-absorbing prime ideal of A ./f J.

6) Let A be a ring and I be a P -primary ideal of A. If (P 2 : x) ⊆ I for every
x ∈ P\I, then I ./f J is 1-absorbing prime ideal of A ./f J.

Proof. The proof 1–6 of Corollary 1 can be proved using ([1], Theorem 2.11),
([1], Theorem 2.14), ([1], Theorem 2.15), ([1], Theorem 2.18), ([1], Theorem 2.20),
([1], Theorem 2.13), respectively.

The next Corollary is given in ([10], Corollary 2.11) with the condition that
T and D are local. However, we will not give any conditions.

Corollary 2. Let M be a maximal ideal of an integral domain T and D a
subring of T such that D ∩M = {0}. Let I be an ideal of D. Then I +M is a
1-absorbing prime ideal of D+M if and only if I is 1-absorbing prime ideal of D.

Proof. Consider σ : D ↪→ T natural embedding. Since ([5], Proposition 5),
D ./f M ∼= D +M (as D ∩M = {0}) and I ./f M ∼= I +M , then I +M is a
1-absorbing prime ideal of D +M if and only if I ./f M is a 1-absorbing prime
ideal of D ./f M . By assertion (1) of Theorem 1, it implies that I + M is a
1-absorbing prime ideal of D +M if and only if I is a 1-absorbing prime ideal of
D.

Example 1. Let A = Z be a ring of integers, B = Q[[X]] be a ring of
formal power series over Q in an indeterminate X, f : Z→ Q[[X]] be the natural
embedding and J = XQ[[X]] be the maximal ideal of B. Let H = {XP (X) : P ∈
f(A)+J = Z+XQ[[X]]}. Obviously, H is an ideal of f(A)+J = Z+XQ[[X]] and
0 ./f H is an ideal of Z ./f Q[[X]].We claim that 0 ./f H is not 1-absorbing prime
ideal of Z ./f Q[[X]]. Indeed, 0 ./f H = {(0, XP (X)) : p(X) ∈ Z + XQ[[X]]}
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and we have (3, 3)2 ·
(
0,
X

32

)
= (0, X) ∈ 0 ./f H. But (3, 3)2 /∈ 0 ./f H and(

0,
X

32

)
/∈ 0 ./f H, as desired.

To another counter-example of 1-absorbing prime ideal of amalgamations, we
consider ([1], Example 2.2), with our Theorem 1.

Example 2. Let A = Z + 5xZ[x], I = 5xZ[x], B = Z[x], J = xZ[x] and
f : A → B. We can see that I2 is not a 1-absorbing prime ideal of A. Because,
(5)(5)(x2) ∈ I2, but neither 25 /∈ I2 or x2 /∈ I2. So, by Theorem 1(1), we get
I ./f J is not a 1-absorbing prime ideal of A ./f J.

3. 1-absorbing primary of amalgamations. In this section, we will define
the 1-absorbing primary ideals of A ./f J and give some results. Recall that a
proper ideal I is called 1-absorbing primary if for all non-unit elements a, b, c ∈ R
such that abc ∈ I, then either ab ∈ I or c ∈

√
I. The next theorem characterizes

the form of 1-absorbing primary ideals A ./f J in some particular cases. We will
use the same definitions given in the previous section:

With some conditions, the following theorem is given in ([10], Theorem 2.9).
However, we will give its unconditional and prove by isomorphism in [5].

Theorem 2. Under the above notations, the following statements hold:
1) I ./f J is a 1-absorbing primary ideal of A ./f J if and only if I is

1-absorbing primary ideal of A.
2) If I is 1-absorbing primary ideal of A and K is 1-absorbing primary ideal

of f(A) + J , then I ×Kf is a 1-absorbing primary ideal of A ./f J.

3) K
f is a 1-absorbing primary ideal of A ./f J if and only if K is a

1-absorbing primary ideal of f(A) + J.

To prove Theorem 2, we shall give the following lemmas, respectively.
Lemma 3 ([2]). Under the above notations, the following statements hold:
1) If J is a 1-absorbing primary ideal of B, then f(J)−1 is a 1-absorbing

primary ideal of A.
2) Suppose that f is surjective and I is a 1-absorbing primary ideal of A

containing Ker(f). Then f(I) is a 1-absorbing primary ideal of B if and only if
I is a 1-absorbing primary ideal of A.

Proof. First part is proved in ([2], Theorem 2.16(1)).
We will prove only the second part of this lemma.
⇐: it done in [2] Theorem 17(2).
⇒: Let us take I = Ker(f) and J = I in ([2], Corollary 3), we obtain I/Ker(f)

is 1-absorbing primary ideal of A/Ker(f) and since A/Ker(f) ∼= B and I/Ker(f)
is 1-absorbing primary ideal of B, then by Lemma 4(1) we get f−1(I/Ker(f)) = I
is 1-absorbing primary ideal of A, as desired.

Lemma 4. Under the above notations, the following hold:
1) Let A ⊆ B be an extension of rings and J be a 1-absorbing primary ideal

of B. Then A ∩ J is a 1-absorbing primary ideal of A.
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2) Assume that I and J are proper ideals of A with I ⊆ J . Then J is a
1-absorbing primary ideal of A if and only if J/I is a 1-absorbing primary ideal
of A/I. Especially, I is a 1-absorbing primary ideal of A if and only if {0} is a
1-absorbing primary ideal of A/I.

Proof. 1) The statement is directly corollary of Lemma 3(1), if we can see
f−1(J) = A ∩ J.

2) By ([2], Corollary 3), we get the statement’s first part and take especially
I = J , we hold the second statement of the lemma.

Proof of Theorem 2. Recall that
A ./f J

I ./f J
∼=
A

I
([5], Proposition 5.1.(2)).

Consider the ring homomorphism v :
A ./f J

I ./f J
→ A

I
.

1) By assertion (2) of Lemma 4, I is a 1-absorbing prime ideal of A if and

only if {0} is ideal of A
I

and by isomorphism if and only if {0} is ideal of A ./f J

I ./f J
and again assertion (2) of Lemma 4 I ./f J is ideal of A ./f J , as desired.

2) Let ai be non-unit elements of A and ji ∈ J and so f(ai) + j ∈ K for
i = 1, 2, 3. Assume that (a1, f(a1)+j1)(a2, f(a2)+j2)(a3, f(a3)+j3) ∈ I ×K

f and
implies (a1a2, j2f(a1)+j1f(a2)+f(a1)f(a2)+j1j2)(a3, f(a3)+j3) ∈ I ×K

f . Since
f is a ring homomorphism we get (a1a2, f(j2a1 + j1a2 + a1a2) + j1j2)(a3, f(a3) +

j3) ∈ I ×K
f
. On the other hand, since I is a 1-absorbing primary ideal of A, if

a1a2a3 ∈ I, then either a1a2 ∈ I or an3 ∈ I, for some n ≥ 1. If a1a2 ∈ I, since
j2a1 + j1a2 + a1a2 ∈ A and j1j2 ∈ J , then (a1a2, f(j2a1 + j1a2 + a1a2) + j1j2) ∈
I ×Kf . If an3 ∈ I, then (an3 , f(a

n
3 ) + j3) ∈ I ×K

f , as desired.
3) Let K be a 1-absorbing primary ideal of f(A) + J . Let us define the map

pγ : A ./f J → f(A) + J with (a, f(a) + j) 7−→ f(a) + j. Clearly, pγ is subjective,
ker(pγ) = A × {0} ⊆ K

f and pγ(K
f
) = K. Hence by Lemma 3(2), we have the

desired result.
To counter-example of 1-absorbing primary ideal of amalgamations, we con-

sider ([2], Example 2) with our Theorem 2(1).
Example 3. Let A = Z, I = 12Z, B = Z, J = Z and f : A → B. We can

see that I is not a 1-absorbing primary ideal of A. Because, (2)(2)(3) ∈ I, but
neither (2)(2) /∈ I nor 3 /∈

√
I. So, by Theorem 2(1), we get I ./f J is not an

1-absorbing primary ideal of A ./f J.
Corollary 3. Let f : A → B be a ring homomorphism, J be an ideal of

B, and I, P,M be an ideal of A and a positive integer n. Then the following
statements hold:

1) If I is an primary ideal of A, then I ./f J is 1-absorbing primary ideal of
A ./f J.

2) Let A be а quasi-local ring with maximal ideal M and x ∈ M a nonzero
prime element of A such that M 6= xR and I = xM. Then I ./f J is 1-absorbing
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primary ideal of A ./f J.

3) Let A be а quasi-local ring with maximal ideal M and P be a prime ideal
of A such that P ⊆M . Then PM ./f J is 1-absorbing primary ideal of A ./f J.

4) Let A be a divided integral domain and P be a prime ideal of A. Then, for
n ≥ 1, Pn ./f J is 1-absorbing primary ideal of A ./f J.

5) Let A be a valuation domain and I be a proper ideal of A with
√
I =

P , where P is a prime ideal of A. If I is primary ideal of A, then I ./f J is
1-absorbing primary ideal of A ./f J.

6) Let A be a Prufer domain and I be a proper ideal of A with
√
I = P for

some prime ideal P of A such that P is invertible (i.e. P is finitely generated
ideal of A). If I is primary ideal of A, then I ./f J is 1-absorbing primary ideal
of A ./f J.

7) Let A be a Dedekind domain and I be a proper nonzero ideal of A. If
√
I

is a prime ideal of A, then I ./f J is 1-absorbing primary ideal of A ./f J.

8) Let A be a Noetherian integral domain that is not a field and a Dedekind
domain. If I = Pn for some prime ideal P of A for some positive integer n, then
I ./f J is 1-absorbing primary ideal of A ./f J.

9) Let S be multiplicatively closed subset of A and I be a proper ideal of A
such that I ∩ S = ∅. I ./f J is 1-absorbing primary ideal of A ./f J if and only
if S−1I ./f J is 1-absorbing primary ideal of S−1A ./f J.

Proof. The proof 1 − 9 of Corollary 3 can be proved using ([2], Theorem
1), ([2], Theorem 5), ([2], Theorem 7), ([2], Theorem 11), ([2], Theorem 12), ([2],
Theorem 14), ([2], Theorem 15), ([2], Theorem 18), respectively.

4. Conclusion. In this note, we define the 1-absorbing prime ideals and
1-absorbing primary ideals in the amalgamations of A with B along J with respect
to f denoted A ./f J with some results. Compared to [10], our main theorems
and conclusions are more precise because our results do not depend on any condi-
tions. We also use a different method which is isomorphisms to obtain them. In
general, we give the 1-absorbing prime ideals of A ./f J when A is a Noetherian
integral domain which is not a field, a quasi-local ring, localization of ring and
1-absorbing primary ideals of A ./f J when A is a valuation domain, Prufer do-
main, Noetherian integral domain, a Dedekind domain, and localization of ring.
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