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Abstract

In 1983 the Intuitionistic Fuzzy Sets (IFSs) were introduced as an exten-
sion of Zadeh’s fuzzy sets. Fifteen years later the Bipolar Fuzzy Sets (BFSs)
were introduced as a new extension of fuzzy sets. In the article it is proved that
each BF'S can be transformed injectively or bijectively to an IFS.
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1. Introduction. In 1965 ZADEH introduced the concept of a Fuzzy Set
(FS, see, [1]). In the following years this concept has been an object of various
extensions — L-FSs (GOGUEN, 1967, [2]), Rough FS (PawrLAk, 1981, [3]) and
Intuitionistic Fuzzy Sets (IFSs, ATANASSOV, 1983, [4]). In 1993, Vague Sets [5]
were introduced and for them BUSTINCE and BURILLO in |6] proved that they are
a trivial modification of the IFSs.

In the present paper, it is shown that the extension Bipolar Fuzzy Sets (BFSs),
proposed by ZHANG in 1998 [7], is a modification of the concept of IFSs, too,
despite the claims of some authors that BFSs are different from the IFSs, and
represent extensions of the IFSs.
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2. Main result. Let E be a fixed universe and A C F. Then the object
A* = {(z,pa(z),vaz)) | = € E}

is called an IFS (see, e.g., [8,9]), if for each element = € E the functions pa(x)
and v4(x) that represent the degrees of membership and of non-membership,
respectively, of z € E to the set A, satisfy the conditions

,UA(:L')vVA(x) S [07 1]7 MA($)+VA($) S [07 1}
The two degrees generate a new, third degree of uncertainty (indeterminacy)
for x € F to the set A as follows:
ma(z) =1— pa(r) —va(x).

As usual, instead of A* for brevity we will write below A.
For the same universe F and B C E, the object

B* = {{z, up(x),vp(z)) |z € E}

is called a BFS (see, e.g., [7]), if for each element x € E the functions up(x) and
vp(z) that represent the degrees of membership and of non-membership of x € F,
respectively, to the set B, satisfy the condition

up(z) €0,1], wvp(z) €[-1,0].

Notably, in [7] the places of functions p and v are exchanged.
Again, instead of B* for brevity we will write below B.
Theorem 1. Fach bipolar fuzzy set is representable by an intuitionistic fuzzy
set.
Proof. Let
L* ={{a,b) | a,b e [0,1] & a+b < 1}

(see [10]). Let us define function F': [0,1] x [—1,0] — [0,1] x L* by

m -n
F =(—)—).
o) = (1 )
Obviously, the denominators are higher or equal to 1 and F' is a continuous func-
tion, for which the equalities

F(0,—1) =(0,1), F(0,0)=(0,0), F(1,0)=(1,0), F(1,-1)=(3,3)

hold. For m € [0, 1] and n € [—1,0] we directly see that

m -n
<1, 0<
1—n — 7’ ~14+m

0<
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Let
m -n

X .
1fn+1+m

Therefore X > 0 and

2 2
X:m—l—m n—+n

l—=nm+m—mn’
Let

Y=1-n+m-—mn—(m+m?—n+n?) =1—mn—m?—n?
and k = —n > 0. Then for k,m € [0,1] it follows that & > k2, m > m? and

Y=1+mk-—m?>—k*>14+mk—-—m—k=(1-m)(1-k)>0.

Therefore, X < 1 and hence <’—n > is an intuitionistic fuzzy pair
1l—-n14m
(see [11]).
Let m,p € [0,1], n,q € [-1,0] and F(m,n) = F(p,q). Then
m.o_p
1-n 1—gq
n 9
1+m 1+p
and with a direct check we obtain that m = p and n = ¢, i.e., the function F' is
injective.

Now, for the universe I/ we construct the set

A= (o pa(o)va@)) | € B) = { (o 220 2000y 10 e )

"1—vp(z) 1+ pp(x
and, as we have shown above, it is an IFS.
Therefore to an arbitrary BFS we can assign an IFS. O
We can give another, more general assertion.
Theorem 2. Intuitionistic fuzzy sets and bipolar fuzzy sets are equipolent.
Proof. Let us transform (bijectively) the set B to the set

C = {{z,up(x), —vp(2)) | € B} = {{z, pc(2),ve(x)) | = € E},

where pc(z) = pp(z) and vo(x) = —vp(x) for each x € E. Therefore, pc(z),
vo(x) € [0,1]. Now, following each of the two algorithms from [9], we can trans-
form (bijectively) the element degrees of set C'in L*. For example, we can use
the transformation formulas

<x Y y>’ if z,y € [0,1] and = > y,

"2
Glz,y) =19 ., -
<§7y_§>, if z,y € [0,1] and = < y.

In [9] it is proved that the function G is bijective.
Therefore, the result of this transformation will be an IFS (see the two cases
illustrated in Fig. 1). O
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(0,-1) 0,-1)

Fig. 1

3. Discussion and concluding remarks. Of course, following the Roman
principle “ Prior tempore, potior iure”, by analogy with Bustince and Burillo’s as-
sertion that vague sets are a trivial modification of IFSs, we can assert that the
bipolar fuzzy sets are a trivial modification of the intuitionistic fuzzy sets. But
more important is the fact that in the research over BFSs there are operations
only related to the set-theoretical operations of first-order logic “union” and “in-
tersection” as well as others on the same level, while in IF'S theory there are modal
operators and various extensions of theirs. The reason is that, as we mentioned
above, for each element x € F in the IFS A there is a degree of uncertainty 74 (x),
while in BFS theory such a degree is not discussed. Probably, the reason is that

the uncertainty degree will have an essentially more complex form: for an element
1 —mn—m? —n?
x with degrees (m, n) it will be . Now, it is clear that the object
1+m—n—mn
“bipolar intuitionistic fuzzy set”, discussed by some authors, is non-legitimate.
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