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Abstract

The shifted Fibonacci numbers which are formed by adding an integer a to
the Fibonacci numbers firstly appeared in literature in 1973. It is well known
that consecutive Fibonacci numbers are relatively prime. It has been a matter of
curiosity among researchers that computing the greatest common divisor (gcd)
of consecutive shifted Fibonacci numbers Fn + a and Fn+1 + a for any a. In
1971, it was proven that consecutive shifted Fibonacci numbers are not always
relatively prime and also that gcd(Fn + a, Fn+1 + a) is unbounded for a = ±1.
Recently, there has been an increasing interest in the greatest common divisors
of shifted Fibonacci (Lucas) numbers, and in the studies conducted, they have
been investigated for a = ±1,±2,±3. In this paper, the greatest common
divisors are examined for consecutive Fibonacci and Lucas numbers shifted by
a = ±4 and it is noticed that gcd(Fn ± 4, Fn+1 ± 4) and gcd(Ln ± 4, Ln+1 ± 4)
are bounded.
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1. Introduction. The Fibonacci and Fibonacci-like sequences are special se-
quences that have garnered much interest from many researchers. They have been
investigated by authors from different perspectives, see [1–8]. On the other hand,
the Fibonacci sequence encounters in independent fields as well as mathematics in
an interesting way. Recently, the Fibonacci sequence and the golden ratio related
to the Fibonacci sequence have also become a popular topic for researchers in
the fields of high energy physics, quantum mechanics, cryptography and coding.
Fibonacci sequences play a very important role especially in coding theory, and
in different forms are widely used in the creation of security coding.

The concept of the greatest common divisor (gcd) is used for various applica-
tions in number theory, especially in modular arithmetic, in encryption algorithms
such as RSA (where messages are transmitted securely over the internet), and in
simple applications such as simplifying fractions. This makes the greatest common
divisor a fundamental concept for number theory, and algorithms are being devel-
oped to calculate the greatest common divisor efficiently. The greatest common
divisor of two Fibonacci numbers is always a Fibonacci number, and so, consecu-
tive Fibonacci (Lucas) numbers are relatively prime. For this reason, finding the
greatest common divisors of special number sequences such as Fibonacci (Lucas)
and examining the obtained results has become an interesting field of study.

For n ≥ 3, define the generalized Fibonacci sequence {Gn} by

(1.1) Gn = Gn−1 +Gn−2

with G1 = p, G2 = q. From [9], we know that

(1.2) Gn = pFn−2 + qFn−1.

If p = q = 1, then the generalized Fibonacci sequence Gn is the Fibonacci
sequence Fn, and p = 1 and q = 3, Gn is the Lucas sequence Ln.

The shifted Fibonacci number which is formed by adding an integer a to a
Fibonacci number firstly appeared in literature in 1973. There are some papers in
the literature engaged with the greatest common divisor of the sequences which
involves terms of the shifted Fibonacci numbers such as [10–15]. It is known that
gcd(Fn + a, Fn+1 + a) = 1 for a = 0, i.e., successive members of the Fibonacci
sequence are coprime. Dudley and Tucker [10] first defined two sequences,
Gn = Fn + (−1)n and Hn = Fn − (−1)n which they called altered Fibonacci
numbers. The researchers calculated the greatest common divisors of some con-
secutive terms of these two sequences. They showed that gcd(G4n+k, G4n+k+1)
and gcd(H4n+k, H4n+k+1) are not relatively prime for k = 0, 2. In summary,
Dudley and Tucker calculated the greatest common divisors for a = ±1 and no-
ticed that the greatest common divisors are equal to either a Fibonacci number
or a Lucas number. Thus, they proved that the greatest common divisor for
a = ±1 is unbounded. In 2011, Chen [11] proved that the greatest common
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divisor of consecutive shifted Fibonacci numbers is bounded unless ±1. He com-
puted gcd(Fn + a, Fn+1 + a) for a = ±1 and a = ±2 and gcd(Ln + a, Ln+1 + a)
for a = 1. The results showed that the greatest common divisor is bounded as
claimed. Rahn and Kreh [12] determined gcd(Fn + a, Fn+1 + a) for a = ±3 and
compared the results with those given by Chen [11]. Köken [13] defined two Lucas
sequences shifted by ±1,±3, which he called altered Lucas sequences. He exam-
ined these sequences for some values of r, which he called r-consecutive greatest
common divisor sequences. In 2016, Spilker [14] proved that gcd(Fn+s, Fn+1+s)
divides s2 + (−1)n. In 2020, Chen and Pan [15], studied on shifted Horadam se-
quences and generalized gcd(F6n+3 + 1, F6n+6 + 1) = L3n+2.

In this study, the greatest common divisors are computed for consecutive
Fibonacci and Lucas numbers shifted by a = ±4. Also, we noticed that gcd(Fn ±
4, Fn+1 ± 4) and gcd(Ln ± 4, Ln+1 ± 4) are bounded. Moreover, the results show
that gcd(Fn ± 4, Fn+1 ± 4) divide (±4)2 + (−1)n as claimed by Spilker [14].

In the next section, we will give some auxiliary lemmas before our main
results.

2. Preliminaries. In this section, some properties related to divisibility and
greatest common divisors that are necessary for the proof of the results will be
given. Firstly, we have the following.

Lemma 2.1. For any integers a, b and c,

(i) gcd(a, bc) = gcd(a, gcd(a, b)c).

(ii) gcd(a, b) = gcd(a+ bc, b).

With the following lemma we give the relationship between Fibonacci and
Lucas numbers, their divisibility and greatest common divisor properties without
proof.

Lemma 2.2 ([9]). For all m,n ∈ N,

(i) Fn−1 + Fn+1 = Ln.

(ii) gcd(Fn, Fn+1) = 1.

(iii) gcd(Fm, Fn) = Fgcd(m,n).

(iv) Ln ≡ 2 · 3n (mod 5).

(v) n ≡ 2 (mod 4) ⇔ Ln ≡ 0 (mod 3).

(vi) n ≡ 0 (mod m) ⇔ Fn ≡ 0 (mod Fm).

We require the following lemma as the core of the proofs before determining
the greatest common divisors.

Lemma 2.3 ([11]). For every m, k, a ∈ Z, the following holds

(2.1) gcd(Gm + a,Gm+1 + a) = gcd(Gm−2k + aF2k−1, Gm−(2k+1) − aF2k).
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From now on, we give some greatest common divisor values encountered in
the proofs of the main results.

Lemma 2.4. For each n ∈ Z, it holds that

(2.2) gcd(15, F2n + 5F2n−1) =


3, n ≡ 1 (mod 2) ∧ n ̸≡ 0 (mod 5);

5, n ̸≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);

15, n ≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);

1, otherwise.

Proof. We need to show that 3|F2n + 5F2n−1 if and only if n ≡ 1 (mod 2)
and 5|F2n + 5F2n−1 if and only if n ≡ 0 (mod 5). By Lemma 2.2, we get

(2.3) F2n + 5F2n−1 = F2n+1 + F2n−1 + 3F2n−1 = L2n + 3F2n−1.

If n ≡ 1 (mod 2), then n ≡ 1 (mod 4) or n ≡ 3 (mod 4) which implies that 2n ≡
2 (mod 4). Thus, from Lemma 2.2, L2n ≡ 0 (mod 3). Hence, from Eq. (2.3),
F2n+5F2n−1 ≡ 0 (mod 3). On the other hand, let n ≡ 0 (mod 5). By Lemma 2.2,
we have

(2.4) F2n + 5F2n−1 ≡ 0 (mod 5).

Furthermore, the reverse is also true. Therefore,

(2.5) gcd(15, F2n + 5F2n−1) =


3, n ≡ 1 (mod 2) ∧ n ̸≡ 0 (mod 5);

5, n ̸≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);

15, n ≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);

1, otherwise.

As a result, the proof is completed.
Lemma 2.5. For each n ∈ Z, it holds that

(2.6) gcd(15, 5F2n − F2n−1) =

{
5, if n ≡ 3 (mod 5);
1, otherwise.

Proof. It suffices to show that 5|5F2n − F2n−1 if and only if n ≡ 3 (mod 5)
and also that 3 ∤ 5F2n − F2n−1. By Lemma 2.2, n ≡ 3 (mod 5) if and only
if F2n−1 ≡ 0 (mod 5) if and only if 5|5F2n − F2n−1. On the other hand, from
Lemma 2.2, 5F2n−F2n−1 = 3F2n+L2n−1. Moreover, it can be seen that L2n−1 ̸≡ 0
(mod 3) by Lemma 2.2. Then, 5F2n − F2n−1 ̸≡ 0 (mod 3). Hence, it is obvious
that gcd(15, 5F2n−F2n−1) = 1 for n ̸≡ 3 (mod 5) which completes the proof.
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3. Main results. In this section, we will give the greatest common divisors
of consecutive Fibonacci and Lucas numbers shifted by ±4. We used the form
gcd(G4n+k + a,G4n+k+1 + a) to investigate the greatest common divisor, where
Gn is either Fibonacci or Lucas sequences. We computed that for a = ±4, and
showed that gcd(Fn ± 4, Fn+1 ± 4) is a divisor of (±4)2 + (−1)n.

Theorem 3.1. Let n be any integer. Then we have

1. gcd(F4n−1 + 4, F4n + 4) = 1.

2. gcd(F4n + 4, F4n+1 + 4) =

{
17, if n ≡ 7 (mod 9);
1, otherwise.

3. gcd(F4n+1 + 4, F4n+2 + 4) =


3, if n ≡ 1 (mod 2) ∧ n ̸≡ 0 (mod 5);
5, if n ̸≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);
15, if n ≡ 1 (mod 2) ∧ n ≡ 0 (mod 5);
1, otherwise.

4. gcd(F4n+2 + 4, F4n+3 + 4) = 1.

Theorem 3.2. Let n be any integer. Then we have

1. gcd(F4n−1 − 4, F4n − 4) =

{
5, if n ≡ 3 (mod 5);
1, otherwise.

2. gcd(F4n − 4, F4n+1 − 4) = 1.

3. gcd(F4n+1 − 4, F4n+2 − 4) =

{
3, if n ≡ 0 (mod 2);
1, if n ≡ 1 (mod 2).

4. gcd(F4n+2 − 4, F4n+3 − 4) =

{
17, if n ≡ 2 (mod 9);
1, otherwise.

Theorem 3.3. Let n be any integer. Then we have

1. gcd(L4n−1 + 4, L4n + 4) =

{
3, if n ≡ 0 (mod 2);
1, if n ≡ 1 (mod 2).

2. gcd(L4n + 4, L4n+1 + 4) =

{
11, if n ≡ 4 (mod 5);
1, otherwise.

3. gcd(L4n+1 + 4, L4n+2 + 4) =

{
7, if n ≡ 3 (mod 4);
1, otherwise.
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4. gcd(L4n+2 + 4, L4n+3 + 4) =

{
11, if n ≡ 1 (mod 5);
1, otherwise.

Theorem 3.4. Let n be any integer. Then we have

1. gcd(L4n−1 − 4, L4n − 4) =

{
3, if n ≡ 1 (mod 2);
1, if n ≡ 0 (mod 2).

2. gcd(L4n − 4, L4n+1 − 4) = 1.

3. gcd(L4n+1 − 4, L4n+2 − 4) =

{
7, if n ≡ 1 (mod 4);
1, otherwise.

4. gcd(L4n+2 − 4, L4n+3 − 4) = 1.

4. Proofs of main results. In this section, we give proof for the third item
of Theorem 3.1 and first item of Theorem 3.2 as a showcase. The others could be
proven similarly by Lemmas 2.1, 2.2 and 2.3.

Proof of Theorem 3.1. 3. In Lemma 2.3, let m = 4n + 1, k = n, a = 4.
Then

gcd(F4n+1 + 4, F4n+2 + 4) = gcd(F2n+1 + 4F2n−1,−3F2n)

= gcd(F2n + 5F2n−1, 3F2n).
(4.1)

By Lemma 2.1, we get

(4.2) gcd(F4n+1 + 4, F4n+2 + 4) = gcd(F2n + 5F2n−1, 3 gcd(F2n + 5F2n−1, F2n)).

Using Lemma 2.1 and Lemma 2.2 gives

gcd(F2n + 5F2n−1, F2n) = gcd(F2n, 5F2n−1) = gcd(F2n, 5)

= gcd(F2n, F5) = Fgcd(2n,5)

(4.3)

and since

(4.4) gcd(2n, 5) =

{
5, if n ≡ 0 (mod 5);

1, otherwise

we get

(4.5) Fgcd(2n,5) =

{
F5 = 5, if n ≡ 0 (mod 5);
F1 = 1, otherwise.

Then

(4.6) gcd(F4n+1+4, F4n+2+4) =

{
gcd(F2n + 5F2n−1, 15), if n ≡ 0 (mod 5);
gcd(F2n + 5F2n−1, 3), otherwise.
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Thus the claim follows from Lemma 2.4.
Proof of Theorem 3.2. 1. In Lemma 2.3, let m = 4n− 1, k = n, a = −4.

Then

gcd(F4n−1 − 4, F4n − 4) = gcd(−3F2n−1, F2n−2 + 4F2n)

= gcd(3F2n−1, 5F2n − F2n−1).
(4.7)

By Lemma 2.1, we get

(4.8)
gcd(F4n−1 − 4, F4n − 4) = gcd(15F2n, 5F2n − F2n−1)

= gcd(15 gcd(F2n, 5F2n − F2n−1), 5F2n − F2n−1).

With Lemma 2.1 and Lemma 2.2, gcd(F2n, 5F2n − F2n−1) = 1. Hence

(4.9) gcd(F4n−1 − 4, F4n − 4) = gcd(15, 5F2n − F2n−1).

Therefore, the claim follows with Lemma 2.5.
5. Conclusions Recently, there has been an increasing interest in the great-

est common divisors of shifted Fibonacci (Lucas) numbers formed by adding an
integer a to Fibonacci (Lucas) numbers, and in the studies conducted, the great-
est common divisors have been investigated for a = ±1,±2,±3. In this paper,
the greatest common divisor values were examined for consecutive Fibonacci and
Lucas numbers shifted by a = ±4. We noticed that gcd(Fn ± 4, Fn+1 ± 4) and
gcd(Ln± 4, Ln+1± 4) are bounded. Studies that can be done on different number
sequences in this direction will make a significant contribution to the literature.
The focus of earlier studies has primarily been on the Fibonacci and Lucas num-
bers. Future researchers are recommended to examine other integer sequences,
such as Pell and Pell–Lucas numbers to find out about their unboundedness or
boundedness.
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