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Abstract

In this paper, we prove that a complete and connected (7, p)-quasi Ricci
harmonic soliton under certain conditions becomes compact and includes a
diameter estimate. This result generalizes the theorem of Galloway. Also, we
obtained that the (7, p)-quasi Ricci harmonic soliton has a finite fundamental
group.
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1. Introduction. Let (M, g) and (NN, h) be closed Riemannian manifolds of
dimensions n and k, respectively. Let ¢(t) : M — N be a smooth map from M
to N. MULLER [1] introduced the following Ricci-harmonic flow as

ag;t’f) = —2Ricy() +20() V() ® Vo(t),  g(0) = g,
(1.1) 960
gi = 1ym6(t), 6(0) = do,

where ¢(t) is a time-dependent metric on M, V¢ ® V¢ := ¢*h is the pull-back of
the metric h via ¢, 7,¢ = trace Vd¢ is the tension field of ¢ with respect to g and
« is a positive constant (possibly time-dependent).
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On a Riemannian manifold (M, g), Ricci-harmonic solitons are self-similar
solutions of the Ricci-harmonic flow. Let f : M — R be a smooth function, and
let ¢ : M — N be a smooth map (not necessarily a harmonic map). We call
(M, g, f,¢) a gradient Ricci-harmonic soliton if
(12) Ricy —aVo @ Vo = ug,

799 =9(Vo, V),

where p is a soliton constant and Ricy denotes the Bakrnymery curvature, de-
fined as
Rics = Ric + V2.
We say that the soliton is shrinking, steady or expanding, if 4 > 0, g = 0 or
< 0, respectively.
When f is constant in (1.2), the gradient Ricci-harmonic soliton is reduced
to the harmonic-Einstein soliton 2], i.e.,

13) {Rmav¢®v¢:u%

749 = 0.

Also, if (N, h) = (R,dr?) and ¢ : (M, g) — (R, dr?) is a constant function in (1.2),
then the gradient Ricci-harmonic soliton is reduced to the gradient Ricci soliton,
see [3].

Definition 1.1. Let ¢ : M — N be a smooth map, and f : M — R be a
potential function. A 7-quasi Ricci-harmonic soliton structure on M satisfies the
following system

1.4 {mqﬁ—av¢®v¢—ﬂg

790 = 9(Vo, V)

for « > 0, 7 > 0 and some constant p € R.
Here, the 7-Bakry—Emery Ricci tensor, Ricy ;, given by

1
m%fﬂm+vvf;ﬂ®#

Note that, if (N,h) = (R,dr?) and ¢ : (M,g) — (R,dr?) is a constant
function, then the 7-quasi Ricci-harmonic soliton is reduced to the T-quasi Einstein
soliton, see [4].

In this paper, we denote generalized Ricci curvature by

Ricyg := Ric —aVe¢ @ Vo,
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and the metric trace of Ricyg by
Ry =R —a|Ve|*.

In the case the constant p right-hand side of equation (1.4) is replaced with
pR4 + p, such as p € R, then the Definiton 1.1 is replaced with
Definition 1.2. Let ¢ : M — N be a smooth map, and f : M — R be a
potential function. A (7, p)-quasi Ricci-harmonic soliton structure on M satisfies
the following system
(15) Ricy, —aVe @ Ve = (pRy + 1)g,
799 =9(Vo, V)

for a« > 0, 7 > 0 and some constant u, p € R.

Note that, if (N,h) = (R,dr?) and ¢ : (M,g) — (R,dr?) is a constant
function, then the (7, p)-quasi Ricci-harmonic soliton is reduced to the (7, p)-quasi
Einstein soliton, see [5, 6].

In recent years, Ricci solitons and their generalizations have been studied
by several authors within the framework of compactness theorems and structural
equations. In [7], authors proved a compactness theorem for a complete shrinking
Ricci—Bourguignon harmonic soliton satisfying Ric+Lxg—aVeRVeo—pR > Ag,
T4¢ = Lx ¢ with smooth vector field X having bounded norm. Some basic struc-
tural equations for almost Ricci-harmonic solitons, and almost Ricci-Bourguignon
solitons were proved in [8] and [9]. SHAIKH et al. [10, Theorem 1.1] derived a
diameter estimation for (7, p)-quasi Einstein manifolds. In [11], TADANO obtained
some compactness theorems of Galloway-type for complete Riemannian manifolds
in the context of the Bakry-Emery and modified Ricci curvatures. On the other
hand, ZENG [12] obtained integral formulations and rigidity results for T-quasi
Ricci-harmonic metrics, including explicit characterizations of generalized scalar
curvature under constant conditions. Similar results were derived for the gen-
eralized 7-quasi Ricci-harmonic metrics [13]. CAO [14] expanded the analysis of
Ricci-Bourguignon harmonic solitons using V-harmonic map techniques.

2. An extension of Galloway’s theorem for (7, p)-quasi Ricci-har-
monic solitons. In this section, we will use the notation

Scyr = Ricyr —aVo @ Vo — (pRy +1)g
to derive the compactness theorem for (7, p)-quasi Ricci-harmonic solitons.

Consider now the f-Laplacian operator Ay on the complete weighted manifold
(M, g, e~ ¥ dvol) such that

Apu = el div (e_fVu> = Au—g(Vu,Vf),
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where v is a smooth function on M. It is well known that the Ricy, connects
with f-Laplacian by the following weighted Bochner formula [15]

1
§Af\vu|2 = | Hess(u) > + g(Vu, VA yu) + Rics(Vu, Vu)
1
(2.1) = | Hess(u)|* + g(Vu, VA yu) + Ricy . (Vu, Vu) + ;‘g(Vf, Vu)‘Q.

From equation (2.1), we have the following generalized Bochner formula for (7, p)-
quasi Ricci-harmonic solitons:

1 1
587 Vul* = [Hess(u)|® + g(Vu, VAsu) + Sep.-(Vu, Vu) + —|g(Vf. V)|’
(2.2) +alg(Vo, Vu)|* + (p Ry +1)g(Vu, Vu).

Using this formula, one can derive a generalization of a classical lemma that
provides an estimate for the integral of the Ricci curvature along minimizing
geodesics. The proof follows a structure inspired by earlier works [16].

Lemma 2.1. Let (M, g, et dvol) be a complete weighted manifold, and con-
sider the tensor Scy -, such that (p Ry +p) > (t+n—1)o0 > 0. Letr be the distance
function with respect to a fixed point p € M, i.e. r(x) = dist(x,p). Suppose that
B :10,7(q)] = M is a minimal geodesic joining from p to q, parametrized by arc
length. If ¢ € Lip,,(R) satisfies the boundary conditions p(0) = ¢(r(q)) = 0,
then the inequality

7(q)

r(q) ..
0 > —(r+n—1>/0 q(sO’)ZdS*/O " Sey (4.8) ds

r(q)
(2.3) +o(t+n—1) / ©*ds
0

holds for all g € M.

Remark 2.2. A function ¢ : [0,7(¢)] — R is said to be uniformly Lipschitz
continuous on [0,7(g)] (or Lipschitz, for short) if there exists a constant C' such
that

lp(z) —p(y)| < Clz —y| forall z,y € [0,7(q)].

The Lipschitz constant of ¢ is the infimum of constants C' with this property. The
space of Lipschitz functions on [0,7(g)] is denoted by Lip[0,r(q)]. The space of
locally Lipschitz functions on R is defined as

Lipjo.(R) ={¢ : R — R : ¢ € Lip[0,r(q)] for all 0 < r(q)}.

Such functions need not be differentiable everywhere, but they still possess enough
regularity for analytic techniques such as integration by parts. Therefore, they
are suitable for the variational and geometric arguments employed in this paper.
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Proof. Let us fix a point g ¢ cut(p). Direct calculations show that

)2
(2.4) ;A_)l < |Hess(r)|%,
(Agr)? (Ar)?  g(Vf,Vr)?
(2.5) a1 S a1t > :

Using inequalities (2.4), (2.5) and applying Bochner formula (2.2) to the distance
function r(x), we find that

(Agr)?
T+n—1
(2.6) +(pRy +1)g(Vr,Vr).

+g(Vr,VAsr) + Sy, (Vr, Vr) + alg(Ve, Vr)|?

Along a minimal geodesic S given in the lemma, we have

(Afroﬁ)Q d

(27) 02 =+ o (Agr o B) + Sepr (B, 6) + alg(Vo, ) + (0Rg +1).

Multiplying (2.7) by ? and then integrating on [0,t], we obtain

t (Aroﬁ)2 t d t L
> 2l S P 27A / 2 T
0 > /Ogo T—|—7’L—1d8+/0 cpds( frofB)ds+ 0(pSCf’ (8,8)ds

t
(2.8) +/ ¢ (pRy +1) ds,

0
where ¢ € Lipy,.(R), ¢ > 0 and ¢(0) = 0.

Integrating by parts and using (Ayr o 5q)ap2 — 0 as r — 0, we obtain

L2 (Asro B)? ;
s Amds+¢2(t)(ﬁf7°°5)(t)—2/o o (Agr o B) ds

t t
(2.9) —i—/o <p2Scf,T(B',B)ds+a(T+n—l)/0 ©? ds

under the assumption of pRy +p > (7 +n—1)o > 0.

2

Since X = (14+n—-1)¢? >0 and Y = %(Afr 0 8)? > 0, we have the
T+n-—
1
inequality v XY < i(X +Y), ie,
1 (> (Agro B)?
2.10 (A <= —1)(¢)?).
210 w@rop <5 (LI b iren- )
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Therefore, we have
t ¢ o
0 > ¢*(t)(Agrop)(t) — / (r+n—1)(¢)ds +/ ¥ Scp (B, 5)ds
0 0
t
(2.11) +o(r+n— 1)/ @ ds.
0

In addition, if ¢ satisfies ©?(r(q)) = 0, then the inequality (2.11) becomes

r(q)

r(q) ..

r(q)
(2.12) +o(t+n—1) / @ ds.
0

This completes the proof for ¢ ¢ cut(p). To extend inequality (2.12) to any
g € M, we can use the Calabi trick. Assume ¢ € cut(p). Translating the origin
p to p- = By(e) so that ¢ ¢ cut(p:), and applying the triangle inequality, we
conclude that inequality (2.12) remains valid in the limit as e — 0. O]

We now give a generalization of GALLOWAY’s compactness theorem [17] by
utilizing the above lemma. The following is our first main result.

Theorem 2.3. Let (M,g) be an n-dimensional complete Riemannian man-
ifold. If there exist some constants ¢ and K > 0, and a minimal geodesic 3
parametrized by arc length joining every pair of points in M such that

(2.13) Scr (8,8) > (T4+n—1) ((32 + %(F o 5))

holds for some smooth function F with |F| < K and (pRg+p) > (t+n—1)0 > 0,
then M is compact and

(2.14) diam(M) < <2K + VAR 1 (21 a)7r2) .

c+o
Proof. Let p, q be distinct points in M and 8 be a minimal geodesic segment
from p to ¢ of length ¢. By setting the function ¢(t) to be ¢(t) := sin (%t) €

Lip;..(R) as it is infinitely differentiable and hence Lipschitz on every compact in-
terval such that ¢(0) = ¢(¢) = 0. Using the assumption (2.13) and the inequality
(2.3) in Lemma 2.1, we get

¢ ¢ ¢
02—(7+n—1)/(@')2dt+(7+n—1)a/ g02dt+c2(7'+n—1)/ © dt
0 0 0
0
d
— 22
(2.15) +(r+n 1)/0 o dt(Foﬂ) dt.
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Here, the assumption |F| < K implies
4
d
— 22
(T4+n 1)/0 © dt(FoB)dt
, 0/2
:(T+n—1)902(}7‘06)(75)‘0—(7'—1—71—1)/ <dt¢2> (Fop)dt
0
trd
—(T—i—’n—l)/ <g02> (Fop)dt
¢/2 \dt

- 2/2 1
_ _(r+n-DKx [/ (2,5)' dH/
14 0 14 /2

(2.16) =-2K(t+n-1).

2m
in| —t)|dt
sin ( 7 >‘ ]
Inserting (2.16) into (2.15) and using

l l
/ Q3 (t)dt = / sin? (Kt
0 0

~
N
&

Il

\.‘ S

we obtain

(217) 0> _(T—I—n%— 1)72 N (1+n— 12)(04-02)5 CoK(r+n—1).

Let us rewrite (2.17), we have

(2.18) (4 o)* — 4Kl —7* < 0.

This completes the proof of the theorem. O

The second diameter estimate follows from WYLIE’s theorem in [18].
Theorem 2.4. Let (M, g) be a complete Riemannian manifold satisfying

i — >
219) {Rlc e —aVo@Ve > (pRy + p)g,

Tg¢ = g(V(b: Vf)

fora >0, 7 >0 and some constant p € R. If pRy +p > o for a constant o such
that o > 0, then for any p,q € M we have

220)  dpa) < max {1 (20— 1)+ G+ G, + IV + I971) |-
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Proof. Let us suppose that d(p,q) > 1 and § is the minimal geodesic
from p to ¢ parametrized by arc length. From inequality (2.19) and assumption
pRy+p >0 >0, we get

| Rict(s). ) ds
> = [N A ds+ [ o ()66 ds
0 0

T

+a [[(Vo0 VO, Ae)ds + [ (oRo+ulg(s) 5(s)) ds
0 0

—— [ oV A+ [ (R 409(3(5). B)) ds
0 i . 0
(2.21) > 9p(V 1, 8(0)) = g4(V [, 5(r)) + od(p, q)-

On the other hand, since 18] = 1, we also have —gp(Vf,B(O)) < |IVfll, and
94(Vf,B(r)) < |IVfllq by using the Cauchy-Schwarz inequality. Therefore, the
above inequality becomes

[ Rict3(s) fs)ds = o) = 1951~ 1951
Recall from [18, Lemma 2.2] that
| Ricld(s), s < 20— 1) 4.6, +,
where G, = max {0, sup {Ric,(v,v) : y € B(p, 1), ||| = 1}}. Thus
2 — 1)+ Gy + Gy > 0d(p,a) — |91y — IV f .
We solve for d(p, q) to get

1 <d(p,q) < —(2(n =1)+ G+ Gy + VIl + V£l

Q|+

which completes the proof of the theorem. O
The following result for the Ricci solitons and Ricci-Bourguignon harmonic
solitons was proved in [18| and [7], respectively, which is a natural corollary of
Theorem 2.4.
Corollary 2.5. Let ((M,g),(N,h),¢,Vf,p) be a complete shrinking (T, p)-
quasi Ricci-harmonic soliton. Let pRy +p > o for a constant o such that o > 0.
Then M has finite fundamental group.
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