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Abstract

In this paper, we prove that a complete and connected (τ, ρ)-quasi Ricci
harmonic soliton under certain conditions becomes compact and includes a
diameter estimate. This result generalizes the theorem of Galloway. Also, we
obtained that the (τ, ρ)-quasi Ricci harmonic soliton has a finite fundamental
group.
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1. Introduction. Let (M, g) and (N,h) be closed Riemannian manifolds of
dimensions n and k, respectively. Let φ(t) : M → N be a smooth map from M
to N . Müller [1] introduced the following Ricci-harmonic flow as

(1.1)


∂g(t)

∂t
= −2Ricg(t) + 2α(t)∇φ(t)⊗∇φ(t), g(0) = g0,

∂φ(t)

∂t
= τg(t)φ(t), φ(0) = φ0,

where g(t) is a time-dependent metric on M , ∇φ⊗∇φ := φ∗h is the pull-back of
the metric h via φ, τgφ = trace∇dφ is the tension field of φ with respect to g and
α is a positive constant (possibly time-dependent).
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On a Riemannian manifold (M, g), Ricci-harmonic solitons are self-similar
solutions of the Ricci-harmonic flow. Let f : M → R be a smooth function, and
let φ : M → N be a smooth map (not necessarily a harmonic map). We call
(M, g, f, φ) a gradient Ricci-harmonic soliton if

(1.2)

{
Ricf − α∇φ⊗∇φ = µg,

τgφ = g(∇φ,∇f),

where µ is a soliton constant and Ricf denotes the Bakry–Émery curvature, de-
fined as

Ricf = Ric +∇2f.

We say that the soliton is shrinking, steady or expanding, if µ > 0, µ = 0 or
µ < 0, respectively.

When f is constant in (1.2), the gradient Ricci-harmonic soliton is reduced
to the harmonic-Einstein soliton [2], i.e.,

(1.3)

{
Ric− α∇φ⊗∇φ = µg,

τgφ = 0.

Also, if (N,h) = (R, dr2) and φ : (M, g)→ (R, dr2) is a constant function in (1.2),
then the gradient Ricci-harmonic soliton is reduced to the gradient Ricci soliton,
see [3].

Definition 1.1. Let φ : M → N be a smooth map, and f : M → R be a
potential function. A τ -quasi Ricci-harmonic soliton structure on M satisfies the
following system

(1.4)

{
Ricf,τ − α∇φ⊗∇φ = µg,

τgφ = g(∇φ,∇f)

for α ≥ 0, τ > 0 and some constant µ ∈ R.
Here, the τ -Bakry–Émery Ricci tensor, Ricf,τ , given by

Ricf,τ = Ric +∇2f − 1

τ
df ⊗ df.

Note that, if (N,h) = (R, dr2) and φ : (M, g) → (R, dr2) is a constant
function, then the τ -quasi Ricci-harmonic soliton is reduced to the τ -quasi Einstein
soliton, see [4].

In this paper, we denote generalized Ricci curvature by

Ricφ := Ric− α∇φ⊗∇φ,
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and the metric trace of Ricφ by

Rφ := R− α|∇φ|2.

In the case the constant µ right-hand side of equation (1.4) is replaced with
ρRφ + µ, such as ρ ∈ R, then the Definiton 1.1 is replaced with

Definition 1.2. Let φ : M → N be a smooth map, and f : M → R be a
potential function. A (τ, ρ)-quasi Ricci-harmonic soliton structure on M satisfies
the following system

(1.5)

{
Ricf,τ − α∇φ⊗∇φ = (ρRφ + µ)g,

τgφ = g(∇φ,∇f)

for α ≥ 0, τ > 0 and some constant µ, ρ ∈ R.
Note that, if (N,h) = (R, dr2) and φ : (M, g) → (R, dr2) is a constant

function, then the (τ, ρ)-quasi Ricci-harmonic soliton is reduced to the (τ, ρ)-quasi
Einstein soliton, see [5, 6].

In recent years, Ricci solitons and their generalizations have been studied
by several authors within the framework of compactness theorems and structural
equations. In [7], authors proved a compactness theorem for a complete shrinking
Ricci–Bourguignon harmonic soliton satisfying Ric+LXg−α∇φ⊗∇φ−ρR ≥ λg,
τgφ = LXφ with smooth vector field X having bounded norm. Some basic struc-
tural equations for almost Ricci-harmonic solitons, and almost Ricci–Bourguignon
solitons were proved in [8] and [9]. Shaikh et al. [10, Theorem 1.1] derived a
diameter estimation for (τ, ρ)-quasi Einstein manifolds. In [11], Tadano obtained
some compactness theorems of Galloway-type for complete Riemannian manifolds
in the context of the Bakry–Émery and modified Ricci curvatures. On the other
hand, Zeng [12] obtained integral formulations and rigidity results for τ -quasi
Ricci-harmonic metrics, including explicit characterizations of generalized scalar
curvature under constant conditions. Similar results were derived for the gen-
eralized τ -quasi Ricci-harmonic metrics [13]. Cao [14] expanded the analysis of
Ricci–Bourguignon harmonic solitons using V -harmonic map techniques.

2. An extension of Galloway’s theorem for (τ, ρ)-quasi Ricci-har-
monic solitons. In this section, we will use the notation

Scf,τ := Ricf,τ −α∇φ⊗∇φ− (ρRφ +µ)g

to derive the compactness theorem for (τ, ρ)-quasi Ricci-harmonic solitons.
Consider now the f -Laplacian operator ∆f on the complete weighted manifold

(M, g, e−fdvol) such that

∆fu = ef div
(
e−f∇u

)
= ∆u− g(∇u,∇f),
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where u is a smooth function on M . It is well known that the Ricf,τ connects
with f -Laplacian by the following weighted Bochner formula [15]

1

2
∆f |∇u|2 = |Hess(u)|2 + g(∇u,∇∆fu) + Ricf (∇u,∇u)

= |Hess(u)|2 + g(∇u,∇∆fu) + Ricf,τ (∇u,∇u) +
1

τ

∣∣g(∇f,∇u)
∣∣2.(2.1)

From equation (2.1), we have the following generalized Bochner formula for (τ, ρ)-
quasi Ricci-harmonic solitons:

1

2
∆f |∇u|2 = |Hess(u)|2 + g(∇u,∇∆fu) + Scf,τ (∇u,∇u) +

1

τ

∣∣g(∇f,∇u)
∣∣2

+ α|g(∇φ,∇u)|2 + (ρRφ +µ)g(∇u,∇u).(2.2)

Using this formula, one can derive a generalization of a classical lemma that
provides an estimate for the integral of the Ricci curvature along minimizing
geodesics. The proof follows a structure inspired by earlier works [16].

Lemma 2.1. Let (M, g, e−f dvol) be a complete weighted manifold, and con-
sider the tensor Scf,τ , such that (ρRφ +µ) ≥ (τ+n−1)σ > 0. Let r be the distance
function with respect to a fixed point p ∈ M , i.e. r(x) = dist(x, p). Suppose that
β : [0, r(q)] → M is a minimal geodesic joining from p to q, parametrized by arc
length. If ϕ ∈ Liploc(R) satisfies the boundary conditions ϕ(0) = ϕ(r(q)) = 0,
then the inequality

0 ≥ −(τ + n− 1)

∫ r(q)

0
(ϕ′)2 ds+

∫ r(q)

0
ϕ2 Scf,τ (β̇, β̇) ds

+σ(τ + n− 1)

∫ r(q)

0
ϕ2 ds(2.3)

holds for all q ∈M .
Remark 2.2. A function ϕ : [0, r(q)] → R is said to be uniformly Lipschitz

continuous on [0, r(q)] (or Lipschitz, for short) if there exists a constant C such
that

|ϕ(x)− ϕ(y)| ≤ C|x− y| for all x, y ∈ [0, r(q)].

The Lipschitz constant of ϕ is the infimum of constants C with this property. The
space of Lipschitz functions on [0, r(q)] is denoted by Lip[0, r(q)]. The space of
locally Lipschitz functions on R is defined as

Liploc(R) = {ϕ : R→ R : ϕ ∈ Lip[0, r(q)] for all 0 < r(q)} .

Such functions need not be differentiable everywhere, but they still possess enough
regularity for analytic techniques such as integration by parts. Therefore, they
are suitable for the variational and geometric arguments employed in this paper.
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Proof. Let us fix a point q /∈ cut(p). Direct calculations show that

(∆r)2

n− 1
≤ |Hess(r)|2,(2.4)

(∆fr)
2

τ + n− 1
≤ (∆r)2

n− 1
+
|g(∇f,∇r)|2

τ
.(2.5)

Using inequalities (2.4), (2.5) and applying Bochner formula (2.2) to the distance
function r(x), we find that

0 ≥
(∆fr)

2

τ + n− 1
+ g(∇r,∇∆fr) + Scf,τ (∇r,∇r) + α|g(∇φ,∇r)|2

+(ρRφ +µ)g(∇r,∇r).(2.6)

Along a minimal geodesic β given in the lemma, we have

(2.7) 0 ≥
(∆fr ◦ β)2

τ + n− 1
+

d

ds

(
∆fr ◦ β

)
+ Scf,τ (β̇, β̇) + α|g(∇φ, β̇)|2 + (ρRφ +µ).

Multiplying (2.7) by ϕ2 and then integrating on [0, t], we obtain

0 ≥
∫ t

0
ϕ2 (∆fr ◦ β)2

τ + n− 1
ds+

∫ t

0
ϕ2 d

ds
(∆fr ◦ β) ds+

∫ t

0
ϕ2 Scf,τ (β̇, β̇) ds

+

∫ t

0
ϕ2(ρRφ +µ) ds,(2.8)

where ϕ ∈ Liploc(R), ϕ ≥ 0 and ϕ(0) = 0.

Integrating by parts and using (∆fr ◦ βq)ϕ2 → 0 as r → 0, we obtain

0 ≥
∫ t

0

ϕ2(∆fr ◦ β)2

τ + n− 1
ds+ ϕ2(t)(∆fr ◦ β)(t)− 2

∫ t

0
ϕϕ′(∆fr ◦ β) ds

+

∫ t

0
ϕ2 Scf,τ (β̇, β̇) ds+ σ(τ + n− 1)

∫ t

0
ϕ2 ds(2.9)

under the assumption of ρRφ +µ ≥ (τ + n− 1)σ > 0.

Since X = (τ + n− 1)ϕ′2 ≥ 0 and Y =
ϕ2

τ + n− 1
(∆fr ◦ β)2 ≥ 0, we have the

inequality
√
XY ≤ 1

2
(X + Y ), i.e.,

ϕϕ′(∆fr ◦ β) ≤ 1

2

(
ϕ2(∆fr ◦ β)2

τ + n− 1
+ (τ + n− 1)(ϕ′)2

)
.(2.10)
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Therefore, we have

0 ≥ ϕ2(t)(∆fr ◦ β)(t)−
∫ t

0
(τ + n− 1)(ϕ′)2 ds+

∫ t

0
ϕ2 Scf,τ (β̇, β̇) ds

+σ(τ + n− 1)

∫ t

0
ϕ2 ds.(2.11)

In addition, if ϕ satisfies ϕ2(r(q)) = 0, then the inequality (2.11) becomes

0 ≥ −(τ + n− 1)

∫ r(q)

0
(ϕ′)2 ds+

∫ r(q)

0
ϕ2 Scf,τ (β̇, β̇) ds

+σ(τ + n− 1)

∫ r(q)

0
ϕ2 ds.(2.12)

This completes the proof for q /∈ cut(p). To extend inequality (2.12) to any
q ∈ M , we can use the Calabi trick. Assume q ∈ cut(p). Translating the origin
p to pε = βq(ε) so that q /∈ cut(pε), and applying the triangle inequality, we
conclude that inequality (2.12) remains valid in the limit as ε→ 0.

We now give a generalization of Galloway’s compactness theorem [17] by
utilizing the above lemma. The following is our first main result.

Theorem 2.3. Let (M, g) be an n-dimensional complete Riemannian man-
ifold. If there exist some constants c and K ≥ 0, and a minimal geodesic β
parametrized by arc length joining every pair of points in M such that

(2.13) Scf,τ (β̇, β̇) ≥ (τ + n− 1)

(
c2 +

d

dt
(F ◦ β)

)
holds for some smooth function F with |F | ≤ K and (ρRφ +µ) ≥ (τ+n−1)σ > 0,
then M is compact and

diam(M) ≤ 1

c2 + σ

(
2K +

√
4K2 + (c2 + σ)π2

)
.(2.14)

Proof. Let p, q be distinct points inM and β be a minimal geodesic segment
from p to q of length `. By setting the function ϕ(t) to be ϕ(t) := sin

(π
`
t
)
∈

Liploc(R) as it is infinitely differentiable and hence Lipschitz on every compact in-
terval such that ϕ(0) = ϕ(`) = 0. Using the assumption (2.13) and the inequality
(2.3) in Lemma 2.1, we get

0≥−(τ + n− 1)

∫ `

0
(ϕ′)2dt+ (τ + n− 1)σ

∫ `

0
ϕ2 dt+ c2(τ + n− 1)

∫ `

0
ϕ2 dt

+(τ + n− 1)

∫ `

0
ϕ2 d

dt

(
F ◦ β

)
dt.(2.15)
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Here, the assumption |F | ≤ K implies

(τ + n− 1)

∫ `

0
ϕ2 d

dt

(
F ◦ β

)
dt

= (τ + n− 1)ϕ2(F ◦ β)(t)
∣∣`
0
−(τ + n− 1)

∫ `/2

0

(
d

dt
ϕ2

)
(F ◦ β) dt

− (τ + n− 1)

∫ `

`/2

(
d

dt
ϕ2

)
(F ◦ β) dt

≥ −(τ + n− 1)Kπ

`

[∫ `/2

0

∣∣∣∣sin(2π

`
t

)∣∣∣∣ dt+

∫ `

`/2

∣∣∣∣sin(2π

`
t

)∣∣∣∣ dt
]

= −2K(τ + n− 1).(2.16)

Inserting (2.16) into (2.15) and using∫ `

0
ϕ2(t) dt =

∫ `

0
sin2

(π
`
t
)
dt =

`

2
,

∫ `

0
ϕ′2(t) dt =

π2

`2

∫ `

0
cos2

(π
`
t
)
dt =

π2

2`
,

we obtain

0 ≥ −(τ + n− 1)π2

2`
+

(τ + n− 1)(σ + c2)`

2
− 2K(τ + n− 1).(2.17)

Let us rewrite (2.17), we have

(c2 + σ)`2 − 4K`− π2 ≤ 0.(2.18)

This completes the proof of the theorem.
The second diameter estimate follows from Wylie’s theorem in [18].
Theorem 2.4. Let (M, g) be a complete Riemannian manifold satisfying

(2.19)

{
Ricf,τ − α∇φ⊗∇φ ≥ (ρRφ + µ)g,

τgφ = g(∇φ,∇f)

for α ≥ 0, τ > 0 and some constant µ ∈ R. If ρRφ +µ ≥ σ for a constant σ such
that σ > 0, then for any p, q ∈M we have

d(p, q) ≤ max

{
1,

1

σ

(
2(n− 1) + Gp + Gq + ‖∇f‖p + ‖∇f‖q

)}
.(2.20)
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Proof. Let us suppose that d(p, q) > 1 and β is the minimal geodesic
from p to q parametrized by arc length. From inequality (2.19) and assumption
ρRφ +µ ≥ σ > 0, we get∫ r

0
Ric(β̇(s), β̇(s)) ds

≥ −
∫ r

0
(∇2f)(β̇(s), β̇(s)) ds+

∫ r

0

1

τ
(df ⊗ df)(β̇(s), β̇(s) ds

+ α

∫ r

0
((∇φ⊗∇φ)(β̇(s), β̇(s)) ds+

∫ r

0
(ρRφ +µ)g(β̇(s), β̇(s)) ds

= −
∫ r

0

d

ds
g(∇f, β̇(s))ds+

∫ r

0
(ρRφ +µ)g(β̇(s), β̇(s)) ds

≥ gp(∇f, β̇(0))− gq(∇f, β̇(r)) + σd(p, q).(2.21)

On the other hand, since |β̇| = 1, we also have −gp(∇f, β̇(0)) ≤ ‖∇f‖p and
gq(∇f, β̇(r)) ≤ ‖∇f‖q by using the Cauchy–Schwarz inequality. Therefore, the
above inequality becomes∫ r

0
Ric(β̇(s), β̇(s))ds ≥ σd(p, q)− ‖∇f‖p − ‖∇f‖q.

Recall from [18, Lemma 2.2] that∫ r

0
Ric(β̇(s), β̇(s))ds ≤ 2(n− 1) + Gp + Gq,

where Gp = max {0, sup {Ricy(v, v) : y ∈ B(p, 1), ‖v‖ = 1}}. Thus

2(n− 1) + Gp + Gq ≥ σd(p, q)− ‖∇f‖p − ‖∇f‖q.

We solve for d(p, q) to get

1 < d(p, q) ≤ 1

σ
(2(n− 1) + Gp + Gq + ‖∇f‖p + ‖∇f‖q),

which completes the proof of the theorem.
The following result for the Ricci solitons and Ricci–Bourguignon harmonic

solitons was proved in [18] and [7], respectively, which is a natural corollary of
Theorem 2.4.

Corollary 2.5. Let ((M, g), (N,h), φ,∇f, ρ) be a complete shrinking (τ, ρ)-
quasi Ricci-harmonic soliton. Let ρRφ +µ ≥ σ for a constant σ such that σ > 0.
Then M has finite fundamental group.

C. R. Acad. Bulg. Sci., 78, No 7, 2025 973



REFERENCES

[1] Müller R. (2009) The Ricci Flow Coupled with Harmonic Map Heat Flow, PhD
Thesis, ETH Zürich.

[2] Williams M. B. (2015) Results on coupled Ricci and harmonic map flows, Adv.
Geom., 15(1), 7–26.

[3] Cao H.-D. (2010) Recent progress on Ricci solitons. In: Recent advances in geomet-
ric analysis, 1–38, Adv. Lect. Math. (ALM), vol. 11, Somerville, MA, International
Press.

[4] Case J., Y.-J. Shu, G. Wei (2011) Rigidity of quasi-Einstein metrics, Differential
Geom. Appl., 29(1), 93–100.

[5] Huang G., Y. Wei (2013) The classification of (m, ρ)-quasi-Einstein manifolds,
Ann. Global Anal. Geom., 44(3), 269–282.

[6] Wang L. F. (2018) On gradient quasi-Einstein solitons, J. Geom. Phys., 123, 484–
494.

[7] Azami S., V. Pirhadi, G. Fasihi-Ramandi (2022) Complete shrinking Ricci–
Bourguignon harmonic solitons, Int. J. Math., 33(6), Paper No. 2250046, 6 pp.

[8] Abolarinwa A. (2018) Basic structural equations for almost Ricci-harmonic
solitons and applications, arXiv:1806.09190, https://doi.org/10.48550/arXiv.
1806.09190.

[9] Dwivedi S. (2021) Some results on Ricci–Bourguignon solitons and almost solitons,
Canad. Math. Bull., 64(3), 591–604.

[10] Shaikh A. A., P. Mandal, C. K. Mondal (2024) Diameter estimation of (m, ρ)-
quasi Einstein manifolds, Proc. Nat. Acad. Sci. India Sect. A, 94(5), 513–518.

[11] Tadano H. (2018) Some Ambrose- and Galloway-type theorems via Bakry–Émery
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https://doi.org/10.48550/arXiv.1806.09190
https://doi.org/10.48550/arXiv.1806.09190
https://doi.org/10.48550/arXiv.2309.16485
https://api.semanticscholar.org/CorpusID:18180590
mailto:yasemin.soylu@giresun.edu.tr
mailto:o232110005@giresun.edu.tr

	Introduction.
	An extension of Galloway's theorem for (, )-quasi Ricci-harmonic solitons.

