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Abstract

Let M be a ruled hypersurface in a nonflat complex plane. In this paper,
we prove that if the structure vector field of M is 3-Killing and the mean
curvature of M is invariant along the structure vector field, then M is strongly
2-Hopf and the shape operator of M is completely determined.
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1. Introduction. On a Riemannian manifold (M, g), a vector field V is said
to be Killing if

(1.1) LV g = 0,

where L denotes the Lie differentiation associated to the metric g. Or, equiva-
lently, V is said to be Killing if the local one-parameter group generated by V
consists of local isometries. V is said to be 2-Killing ([1]) if

(1.2) LV LV g = 0.

Obviously, a Killing vector field is necessarily 2-Killing, but the converse is not
necessarily true (for example of non-Killing 2-Killing vector fields see [1]). Very
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recently, the authors in [2] defined the notion of 3-Killing vector fields and studied
it on contact Riemannian manifolds. V is said to be 3-Killing ([2]) if

(1.3) LV LV LV g = 0.

Some non-Killing but 3-Killing Reeb vector fields on a contact Riemannian man-
ifold were provided in [2].

Let CMn(c) be a nonflat complex space form which is complex analytically
isometric to a complex projective space CPn(c) if c > 0 or a complex hyperbolic
space CHn(c) if c < 0, respectively, where c denotes the constant holomorphic
sectional curvature. Let M be a real hypersurface immersed in CMn(c). On M ,
there is an almost contact metric structure (ϕ, ξ, η, g) induced from the ambient
space CMn(c). M is said to be Hopf if the structure vector field ξ is principal at
every point of M . Hopf hypersurfaces are an important type of research objects in
geometry of real hypersurfaces (see [3,4]). A real hypersurface is said to be of type
(A) if it is locally congruent to a type (A) hypersurface (for details see [3]) and
they are one of most important real hypersurfaces. The structure vector field ξ of
a real hypersurface in CMn(c) is Killing if and only if ϕA = Aϕ, where A is the
shape operator of the hypersurface. In fact, this equality is a nice characterization
of type (A) hypersurfaces.

Theorem 1.1 ([5,6]). The structure vector field of a real hypersurface M in
a nonflat complex space form CMn(c) is Killing if and only if M is of type (A).

2-Killing vector fields on real hypersurfaces have been studied as the following.
Theorem 1.2 ([7]). The structure vector field of a real hypersurface M in a

nonflat complex space form CMn(c) is 2-Killing if and only if M is of type (A).
Unlike the above two theorems, the situation is different when the structure

vector field is assumed to be 3-Killing.
Theorem 1.3 ([8]). The structure vector field of a Hopf hypersurface M in

a nonflat complex space form CMn(c) is 3-Killing if and only if M is of type (A)
or satisfies α2 + c = 0, where α = η(Aξ) is the Hopf principal curvature.

The above three theorems related to Killing, 2-Killing or 3-Killing structure
vector fields occur all on Hopf hypersurfaces and this motivated us to consider the
following problem: Is there a non-Hopf hypersurface in a nonflat complex space
form with 3-Killing structure vector fields? The aim of the present paper is to
solve this problem on a ruled hypersurface when the ambient space is a nonflat
complex plane and we get an affirmative answer.

2. Real hypersurface. Let M be a real hypersurface immersed in a complex
space form CMn(c) and N be a unit normal vector field of M . We denote by ∇ the
Levi-Civita connection of the metric g of CMn(c) and by J the complex structure.
Let g and ∇ be the induced metric from the ambient space and the Levi-Civita
connection of the metric g, respectively. Then the Gauss and Weingarten formulas
are given respectively as the following:

(2.1) ∇XY = ∇XY + g(AX,Y )N, ∇XN = −AX
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for any vector fields X,Y , where A denotes the shape operator of M in CMn(c).
For any vector field X, we put

(2.2) JX = ϕX + η(X)N, JN = −ξ.

We can define on M an almost contact metric structure (ϕ, ξ, η, g) satisfying

(2.3) ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, ϕξ = 0,

(2.4) g(ϕX, ϕY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ)

for any vector fields X,Y . Moreover, applying the parallelism of the complex
structure (i.e., ∇J = 0) of CMn(c) and using (2.1), (2.2) we have

(∇Xϕ)Y = η(Y )AX − g(AX,Y )ξ,(2.5)
∇Xξ = ϕAX(2.6)

for any vector fields X,Y . Let R be the Riemannian curvature tensor of M .
Because CMn(c) is of constant holomorphic sectional curvature c, the Gauss and
Codazzi equations of M in CMn(c) are given, respectively, as the following:

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y + g(ϕY,Z)ϕX − g(ϕX,Z)ϕY

− 2g(ϕX, Y )ϕZ}+ g(AY,Z)AX − g(AX,Z)AY,
(2.7)

(∇XA)Y − (∇Y A)X =
c

4
{η(X)ϕY − η(Y )ϕX − 2g(ϕX, Y )ξ}(2.8)

for any vector fields X,Y .
We refer the reader to [3,4] for more basic knowledge on differential geometry

of real hypersurfaces in nonflat complex space forms.
3. Ruled hypersurfaces with 3-Killing structure vector field. A real

hypersurface in a nonflat complex space form CMn(c) is said to be ruled if

(3.1) g(AX,Y ) = 0

for any vector fields X,Y ∈ D, where D denotes all vector fields orthogonal to
ξ (see [3, p. 548]). Or equivalently, a real hypersurface in CMn(c) is said to be
ruled if the holomorphic distribution ker η is integrable and each of its leaves (i.e.,
maximal integral manifolds) is a totally geodesic complex hypersurface. A ruled
hypersurface is never Hopf and in this paper we omit the singular points in a
ruled hypersurface where Aξ is collinear with ξ (see [9–11]). According to this, for
a ruled hypersurface M in a nonflat complex plane, there exists an orthonormal
frame {ξ, U, ϕU} on M such that

(3.2) Aξ = αξ + βU, AU = βξ, AϕU = 0,
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where α = η(Aξ) and β ̸= 0 everywhere (for example see [10, Proposition 2]).
According to (3.2), the Levi-Civita connections of the hypersurface M are given
as follows:

(3.3)
∇Uξ = 0, ∇ϕUξ = 0, ∇ξξ = βϕU,

∇UU = κ1ϕU, ∇ϕUU = κ2ϕU, ∇ξU = κ3ϕU,

∇UϕU = −κ1U, ∇ϕUϕU = −κ2U, ∇ξϕU = −κ3U − βξ,

where κi, i = {1, 2, 3}, are three smooth functions on M defined by

κ1 = g(∇UU, ϕU), κ2 = g(∇ϕUU, ϕU), κ3 = g(∇ξU, ϕU).

In fact, in view of (3.2) and (3.3), setting X = U and Y = ξ in the Codazzi
equation (2.8) we obtain

(3.4) U(α) = ξ(β), U(β) = 0, κ1 = β − c

4β
.

Similarly, in view of (3.2) and (3.3), setting X = ϕU and Y = ξ in the Codazzi
equation (2.8) we obtain

(3.5) ϕU(α) = β(α+ κ3), ϕU(β) = β2 +
c

4
, κ2 = 0.

Moreover, according to (3.2) and the third equality in (3.5), the Lie bracket is
given by

(3.6) [ξ, U ] = κ3ϕU, [U, ϕU ] =

(
c

4β
− β

)
U, ϕU, ξ] = κ3U + βξ.

On a ruled hypersurface, according to (3.1) (i.e. the equivalent definition of
a ruled hypersurface) we obtain g(AϕX, ϕY ) = 0 for any vector fields X, Y . In
view of (3.1), from this we get

(3.7) Aϕ = −βgϕU ⊗ ξ, ϕA = βη ⊗ ϕU,

where the one-form gϕU is defined by gϕU (X) = g(ϕU,X) for any vector field X.
With the aid of (2.6), we get

(Lξg)(X,Y ) = g(∇Xξ, Y ) + g(X,∇Y ξ) = g((ϕA−Aϕ)X,Y ).

Inserting (3.7) into the above equality we obtain

(3.8) Lξg = βη ⊗ gϕU + βgϕU ⊗ η.

Taking the Lie derivative of (3.8) along the structure vector field ξ we get

LξLξg = ξ(β)η ⊗ gϕU + β(Lξη)⊗ gϕU + βη ⊗ (LξgϕU )

+ ξ(β)gϕU ⊗ η + β(LξgϕU )⊗ η + βgϕU ⊗ (Lξη).
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We compute the terms shown in the above equality. In fact, in view of (2.6)
and (3.3), we have

(3.9) (Lξη)(X) = g(∇ξξ,X) + g(ξ,∇Xξ) = βgϕU (X).

Similarly, with the aid of (3.2) and (3.3) we have

(3.10) (LξgϕU )(X) = g(∇ξϕU,X) + g(ϕU,∇Xξ) = −κ3gU (X),

where the one-form gU is defined by gU (X) = g(U,X) for any vector field X.
Inserting (3.9) and (3.10) into the above two equalities we have

LξLξg = ξ(β)η ⊗ gϕU + 2β2gϕU ⊗ gϕU − βκ3η ⊗ gU

+ ξ(β)gϕU ⊗ η − βκ3gU ⊗ η.
(3.11)

From this we see that the structure vector field ξ of a ruled hypersurface of
dimension three is never 2-Killing because the second term in the right hand side
of (3.11) is never vanishing. Again taking the Lie derivative of (3.11) along the
structure vector field ξ we get

LξLξLξg = ξ(ξ(β))η ⊗ gϕU + ξ(β)(Lξη)⊗ gϕU + ξ(β)η ⊗ (LξgϕU )

+ 4βξ(β)gϕU ⊗ gϕU + 2β2(LξgϕU )⊗ gϕU + 2β2gϕU ⊗ (LξgϕU )

− ξ(βκ3)η ⊗ gU − βκ3(Lξη)⊗ gU − βκ3η ⊗ (LξgU )

+ ξ(ξ(β))gϕU ⊗ η + ξ(β)(LξgϕU )⊗ η + ξ(β)gϕU ⊗ (Lξη)

− ξ(βκ3)gU ⊗ η − βκ3(LξgU )⊗ η − βκ3gU ⊗ (Lξη).

With the aid of (3.2) and (3.3), we have

(3.12) (LξgU )(X) = g(∇ξU,X) + g(U,∇Xξ) = κ3gϕU (X).

Finally, inserting (3.9), (3.10) and (3.12) into the above equality we obtain

LξLξLξg = (ξ(ξ(β))− βκ23)η ⊗ gϕU + 6βξ(β)gϕU ⊗ gϕU − 3β2κ3gU ⊗ gϕU

− (ξ(β)κ3 + ξ(βκ3))η ⊗ gU − 3β2κ3gϕU ⊗ gU

+ (ξ(ξ(β))− βκ23)gϕU ⊗ η − (ξ(β)κ3 + ξ(βκ3))gU ⊗ η.

(3.13)

Now we assume that the structure vector field ξ is 3-Killing. Then the right-
hand side of (3.13) is vanishing and the action of it on (ϕU,U) and (ϕU, ϕU)
gives

(3.14) κ3 = 0

and

(3.15) ξ(β) = 0,
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respectively. Furthermore, according to (3.2), the mean curvature is H = α/3. If
we assume that the mean curvature is invariant along the structure vector field ξ,
we have ξ(α) = 0. This, together with (3.15) and the first two equalities in (3.4),
implies that both α and β are invariant along the structure vector field ξ and U .

A real hypersurface in a nonflat complex space form is said to be strongly
2-Hopf (see [12,13]) if

• The smallest invariant distribution containing ξ under the shape operator
(say H = span{ξ, Aξ,A2ξ, . . . }) is of constant rank two.

• H is integrable.

• The spectrum of the shape operator is invariant along H.

In recent times, strongly (weakly) 2-Hopf hypersurfaces have been important re-
search objects in geometry of non-Hopf real hypersurfaces in a nonflat complex
space form (see [14–16]). In this situation, we observe that H = span{ξ, U} on
M is of rank two and integrable. According to the above analysis we say again
that both α and β are invariant along H and hence the hypersurface is strongly
2-Hopf. Moreover, α and β are determined by the first equality in (3.5), (3.14)
and the second equality in (3.5) with κ3 = 0, respectively. Specifically, they are
given in Theorem 3.1.

Conversely, on any strongly 2-Hopf ruled hypersurface in a nonflat complex
plane, from the first equality in (3.6) we have κ3 = 0 because H = span{ξ, U}
is integrable. This, together with the invariance of β along ξ, implies that ξ is
3-Killing because of (3.13). Moreover, as α is invariant along ξ, so is the mean
curvature because of (3.2).

The main result of this paper is given as follows.
Theorem 3.1. Let M be a ruled hypersurface in a nonflat complex plane

CM2(c). The structure vector field of M is 3-Killing and the mean curvature is
invariant along the structure vector field of M if and only if M is strongly 2-Hopf.
Moreover, the shape operator is given by

•

A =

 d1 sec(
√
c
2 s+ d2)

√
c
2 tan(

√
c
2 s+ d2) 0√

c
2 tan(

√
c
2 s+ d2) 0 0
0 0 0

 if c > 0;

•

A =

 d1e
√

−c
2

s+d2
√
−c
2 tanh(

√
−c
2 s+ d2) 0√

−c
2 tanh(

√
−c
2 s+ d2) 0 0

0 0 0

 if β =
√
−c
2 , c < 0;
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•

A =

 d1csch(
√
−c
2 s+ d2) −

√
−c
2 coth(

√
−c
2 s+ d2) 0

−
√
−c
2 coth(

√
−c
2 s+ d2) 0 0

0 0 0

 if β >
√
−c
2 , c < 0;

•

A =

 d1sech(
√
−c
2 s+ d2) −

√
−c
2 tanh(

√
−c
2 s+ d2) 0

−
√
−c
2 tanh(

√
−c
2 s+ d2) 0 0

0 0 0

 if β <
√
−c
2 , c < 0,

where d1, d2 are constants and d/ds = ϕU .
The solution of ODEs of the first equality in (3.5) together with (3.14) and the

second equality in (3.5) can be seen in literature (for example see [14,17]). In fact,
the strongly 2-Hopf ruled hypersurface was characterized in [14, Theorem 1.4] by
using the assumption that the hypersurface is η-parallel and the mean curvature
is invariant along the structure vector field ξ.

According to Ivey and Ryan [13, Theorem 5], if α(s) and β(s) comprise a
smooth solution of the ODEs:

(3.16)
dα

ds
= αβ,

dβ

ds
= β2 +

c

4
,

defined for s in an open interval I ⊂ R, and such that β(s) is non-vanishing, then
there exists a real hypersurface in CP 2(c) or CH2(c) such that its shape operator
A is given by

A =

α β 0
β 0 0
0 0 0


with respect to a local orthonormal basis {ξ, U, ϕU}, where d/ds stands for the
derivative with respect to ϕU . Therefore, one can construct a type of ruled hyper-
surfaces in CP 2(c) or CH2(c) such that its structure vector field is non-Killing,
non-2-Killing but 3-Killing.
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