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Abstract

The purpose of this work is to study a class of p(x)-Laplacian type equa-
tions involving variable singularities. By using the Fountain theorem together
with Mountain pass theorem, we show the existence and multiplicity of solu-
tions for the strong (¢ € (1,00)) variable singularities.
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1. Introduction. The aim of this paper is to study the following singular
p(x)-Laplacian type equation with Hardy type term

|u|2(®) =2y,
—div(a(z, Vu)) = e T M(z,u), =€
w

u =0, x € 01,

(P)

where Q ¢ RN, N > 3, is a smooth bounded domain; A > 0 is a real parameter,
the weight w is, for instance, w(x) := |z| or w(z) := dist(x,9Q), ¢ € C(Q) such
that 1 < ¢(z) < oo for any x € €, div(a(x, Vu)) is a p(x)-Laplacian type operator,

p € C(Q) such that 1 < p~ := inf p(z) for any x € Q and a(z,£): QA x RN — RN
z€Q
is the continuous derivative with respect to & of the mapping A: Q x RY — R,
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A=A(x,€),ie., a(z,§) = VeA(x,§). Moreover, f: QxR — R is a Carathéodory
function.
Throughout this paper, we take into account the following set of hypotheses:

(A1) There exists a constant ¢y > 0 such that
la(z,€)| < co(1 + €@ Y) for all z € Q2 and € € RV,
(A2) The following inequalities hold
1£P@) < a(x, &) - € < p(a)A(z,€) for all z € Q and & € RY.

(A3) A(z,0) =0 for all z € Q.
(A4) A(z,—&) = A(x,€) for all z € Q and ¢ € RV,

(A5) There exists a constant kg > 0 such that for all x € Q and u,v € RV

A <x, “ ; U> < %A(az,u) + %A(x,v) — kolu — v[P®).

The study of differential equations and variational problems with singular
nonlinearities has been very attractive due to the application areas of these stud-
ies. Such problems arise in the study of non-Newtonian fluids, boundary layer
phenomena for viscous fluids, in the context of chemical heterogeneous catalysts
and chemical catalyst kinetics, in the theory of heat conduction in electrically
conducting materials. Moreover, this equations are also encountered in glacial
advance, in transport of coal slurries down conveyor belts and in several other
geophysical and industrial contents [1-4].

There are many results on the existence (multiple positive) of solutions for
p-Laplacian and p-biharmonic problems with singular nonlinearities for Dirichlet
problems; we refer to [5-7]. However, since studies on the existence of positive
solutions for p(z)-Laplacian problems with singular nonlinearities are rare, we
could find these results in only a few papers [8-13|. For instance, in [8], using
a variational method and Krasnoselskii’s genus theory with the classical Hardy’s
inequality, the authors investigated the existence and multiplicity of the solutions
for a singular elliptic problem. Moreover, they studied closedness of set of eigen-
functions such that p(x) = p. In [12], the authors proved the existence of two
weak solutions and at least three weak solutions, using Bonanno’s theorem with
the classical Hardy’s inequality for a singular elliptic problem. In [9-11,13], these
studies dealt with singular p(x)-Kirchhoff-type equations and have studied the
case where the singularity takes values in the range (0, 1), i.e., the weak singu-
larity, except for papers [9,11]. In [9], the author obtained the existence and
uniqueness of a positive solution for the case of variable singularity with values
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in the interval (1,00), i.e., strong singularity, using Ekeland’s variational princi-
ple and a constrained minimization approach. However, in [11], the authors are
concerned with the existence and infinite solutions to a singular p(x)-Kirchhoff-
type problem with a Hardy-type (singular) term w, which is a weight function
in the form w(x) := |z| or w(x) := dist(z,0), by using Mountain Pass and
the Krasnoselskii’s theory. Inspired by the above studies, the problem (P) was
studied.

The paper is organized as follows. In Section 2, we state some elementary
properties concerning the variable exponent Lebesgue and Sobolev spaces which
we will use later. Then, we present our main results. In Section 3, we provide the
existence and the multiplicity of the solution.

2. Preliminaries and main results. In order to deal with problem (P), we
recall some definitions and basic properties of the generalized Lebesgue Sobolev
spaces (LP(*)(Q), W) (Q) and Wol’p(x)(Q)); we refer to [14-16]. Suppose that
Q is a bounded open domain of RV and set

Ci(Q)={p:peC(Q), p(x) >1 for all z € Q}.
For p(z) € C1 () we define 1 < p~ := inf p(z) < p(x) < p* := supp(z) < co.
z€Q z€Q
The variable exponent Lebesgue space is defined as

Lp(x)(Q) = {u | u: © — R is a measurable and / |u(:v)|p(x) dx < oo} .
Q

On this space we define a norm, the so-called Luxemburg norm, by the formula

p(z)
u(z) dwgl}.

x
9

|u’LP(w)(Q) = ‘U|(p(x)7g) = inf {19 > 0: /Q

Define also the variable exponent Sobolev space by

Wl,p(m) (Q) — {'LL c Lp(x) (Q) ‘V'LL| € Lp(z) (Q)}
with the norm

()
T :=inf{<>o: /QOW?@ ’ >dx§1}

[l p(xy = lp(e) + [Vtulpee) for all u e WHPE(Q).

p(z) u(z)

or

The space Wol’p(x)(Q) is denoted by the closure of C§°(Q) in WhP#)(Q) with

respect to the norm ||lul|; (). We can define an equivalent norm
ull = |Vulp) for all u € Wy ™ (Q).
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The spaces LP(®) () and W'»(#)(Q) are separable, reflexive and uniformly convex
Banach spaces if and only if 1 < p~ < pt < co. We denote by LP'®)(Q) the
conjugate space of LP(*)(Q), where Wlx) + ﬁ =1.

Proposition 2.1 ([15|). The Holder inequality type holds, namely

/ d <(1 ! )| | ‘ |
wv dz + U () |[V] 0 (2
0 =\p " () p(x) IV1p ()

for any uw € LP@)(Q) and v € LV *)(Q).
The convex functional ¢(u): LP(*)(Q) — R defined by

¢ww=4m@w@mr

is called modular on LP(*)(Q).
Proposition 2.2 ([14,15). If u,u, € LP@(Q), n = 1,2,..., and p* < oo,
then the following properties hold:

(1) Julp@) > U=1,>1) <= é(u) >1(=1,>1),

s - + - +

(ii) mln(]u|§(m),u|§(m)) < P(u) < max(|u|§(m),u|§(m)),
(iil) |un — ulp) — 0 (= 00) & d(up —u) = 0 (= 00).
Proposition 2.3 ([17]).

(i) if m(x) € C1(Q) and m(z) < p*(x) for all z € Q, then the embedding
Wol’p(gc)(Q) < L™@)(Q) is compact and continuous, where

Nel@w)_ - if N> p(x),
p(@) = {N_p(x)

00, if N < p(z);

(ii) Poincaré inequality; i.e., there is a positive constant C > 0 such that

|ulp(z) < Cllull for all u e Wol’p(w)(Q).

Lemma 2.4 (Mountain-Pass Geometry [18]). Let X be a Banach space and
let J € CY(X,R) satisfy Palais—Smale condition. Assume that J(0) = 0.

(i) There exist two positive real numbers T and r such that J(u) > r > 0
with ||ul| = 7.

(ii) There exists up € X such that ||u1]| > 7 and J(uy) < 0.
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Put
G={TeC(0,1],X): T'(0) =0,T'(1) = uy }.
Set f = inf{max J)(I'([0,1])): I' € G}. Then B > r and B is a critical value of J.

Since X is a reflexive and separable Banach space, then there exist (see [19,
Sect. 17]) e; C X and €] C X™ such that

X =span{e; | j=1,2,...}, X*:span{e;f|j:1,2,...}

o1, i,
<6iaej>_ 0 ey .
) lfl#ja

where (-,-) denotes the duality product between X and X*. For convenience, we
write

and

k 00
X; =span{e;}, Yi=EX;, Z=EPXx;
j=1 j=k

Lemma 2.5 ([14]). If a(z) € C1(Q), a(x) < p*(x) for any x € Q, denote
B = sup{|ul e (o) ¢ lull = 1,u € Zi}.

Then limg_,oo B = 0.

Lemma 2.6 (Fountain Theorem [18|). Assume that X is a Banach space,
J € CY(X,R) is an even functional satisfying the (PS). Moreover, if there exists
Pr > Yk > 0 for each k =1,2,..., such that

(i) inf ez, ol =i J(u) = o0 as k — oo,

(il) max,ey;,|juj=p, Jr(u) <0,
(i) J satisfies (PS) condition for every ¢ > 0,

then J has a sequence of critical values tending to +o0.

Theorem 2.7. Assume that (A1)—(A5) and f is a Carathéodory function
satisfying the following conditions:

(f1) There exists a positive constant ¢ such that

|f(x, )] < er(1+ [tD 7Y for all (x,t) € Q X R,

where a(x) € C(Q) satisfies p© < a~ < a(x) < p*(z) for each x € Q.
(£2) f(z,t) = o(|t|"" 1) as t —= 0 for z € Q and pt < a~.
(AR) There exists t* > 0 and 6 € (p*,q~) such that
0 <OF(z,t) < f(z,t)t, |t| >t" forall (x,t) € Q2 xR,

where F(x,t) fo x,s)ds.
Then for any A € (0,00) problem (P) has a nontrivial weak solution in

Wy P (@),
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Theorem 2.8. Assume that (A1)—(A5) and f satisfies the following condi-
tion

(f3) f(z,—t) = —f(z,t) for all (x,t) € Q x R.

Then for any A € (0,00) problem (P) has infinite many pairs of solutions in
Wy P ().

3. Proofs of the main results. Let X denote the variable exponent Sobolev
space WO1 P (x)(Q). The singular functional Jy: X — R for u € X associated with
problem (P), defined by

1 |u’q(w)

J,\(u):A(u)—/ q(x)w(x)wdx—/ﬂF(x,u)dx, A(u):/QA(:L',Vu)d:c.

We say that u € X is a weak solution of problem (P) if and only if
‘u,q(x)ﬁu

Q w(m)QQ(x)

/a(w,Vu)VU: Uda:—I-)\/f(:v,u)vdx
Q Q

for any v € X.

Lemma 3.1 ([10]). If p,q € C(Q) satisfy 1 <p~ < p(z) <pT <q <q" <
min{p*(z), N/2} for all z € Q, then there exist two positive constants H,C > 0
such that the (p(-),q(-))-Hardy inequality

‘U|Q(I) 1 p(x) qt qt
| s e < g [ Fu@P 4 0 fute))

holds for all u € X.

Remark 3.2. In this paper the weight function w is assumed to be either
w(z) = |z| or w(x) = dist(z,0). These two cases correspond to different
Hardy-type inequalities. If w(x) := |z|, we assume that @ C Bgr(0) for some
H := R > 0; in this case the corresponding Hardy-type inequality involves a
constant depending on R. On the other hand, when w(x) := dist(x,9Q), the
Hardy inequality holds with a positive constant H := Rq which depends on the
geometry of the domain. In general, this constant is not explicitly known.

Lemma 3.3 (|20]).

(i) A werifies the growth condition
Az, )] < coll€] + €[7)
for all z € Q and ¢ € RY.
(ii) A is p(z)-homogeneous, i.e.,
A(w, 1) < Az, OB
forallz € Q and € € RN and t; > 1.
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Lemma 3.4 ([20]).
(i) The functional A is well defined on X.

(ii) The functional A is of class C'(X,R) and

(N (u),v) = /Qa(:v,Vu) -Vudz for all u,ve X.

(iii) The functional A is weakly lower semi-continuous on X.

(iv) For allu,v € X

u—+v
2

A( ) < —A(u) + %A(v) — kollu —v||P .

N =

(v) For allu,v € X
Aw) = A(v) > (N (0), 0 — ).
(vi) Jy is weakly lower semi-continuous on X.

From Lemmas 3.3, 3.4 and (f;) it is easy to see that Jy, € C}(X,|RR) and
the derivative of Jy is the mapping J4: X — R. Then, we obtain

(Jh(u),v) = /Q alz, Vu)Vvd:v—/ ‘“'q )\/fa: w)v da,

for any u,v € X. So, weak solutions of problem (P) correspond to critical points
of the functional Jy.

Lemma 3.5. If (f1), (A2) and (AR) hold, then for any X € (0,+00), the
functional Jy satisfies Palais—Smale (PS) condition.

Proof. Let assume that there exists a sequence {u,} C X such that

(3.1) |J(up)] <c¢ and J'(u,) =0 as n— oo.

Firstly, we claim that {u,} is bounded in X. If it is not true, by passing to
a subsequence, if necessary, we may assume that [|u,| — oo. Without loss of
generality, we assume that ||u,|| > 1, for n large enough. By using (AR) and
(3.1), we obtain

%<J;\(un)7 Up)

1 1 1 |u ‘p(z) 1 u ‘q(m)
o (L1 p() _/ un” L[ Jun]™
> <p+ 9)/9]Vun| dz = Jo ()@ dx + 5 ) w(e)i® dz
1
+ )\/ <f(x,un)un — F(x, un)> dx
o \0
1 1 - 11 |, |9(%)
> (= -2 P ——— .
- <p+ 9> enli” <9 Q‘> /Q w(x)2a(@) &
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By using (A2), Proposition 2.2 together with the condition 6 € (p*,q™), we get

1 1 -
2 (5 = ) Il

If the last inequality is divided by ||u,|[? and passes to the limit as n — oo,
we obtain a contradiction to the conditions p~ > 1 and 6 € (p*,q™). In this
situation, {u,} is bounded in X. Therefore, there is a subsequence {u, } C X and
u € X such that {u,} converges weakly to u in X.

Since a(z) < p*(x) and ¢(z) < p*(x), we conclude from Proposition 2.3 that
X is compactly embedded in the spaces L*®)(Q) and LI®)(Q), that is,

(3.2) Up — u in L2 (Q), Up — U a.e. on €,
. Up — u in LI®(Q), Up — u a.e. on €.

To complete the proof, it remains to show that u, — u in X. Taking into account
relation (3.1), we can write that (J3(un), u, —u) — 0. That is

(J\(un), up — ) :/ a(z, Vuy)(Vu, — Vu) dr

‘u ‘q (z)— 2,
e (x —u)da}—/f(a:,un)(un—u)dx—)().
1 )

From Proposition 2.1, it follows that

a(z)=2y,
/u il (up, — u)dx

Similarly, using (f;) and Proposition 2.1, we have

’/Qf(:v,un)(un —u)dz| < /Q ’(01 + Cl’un’a(x)_l>‘ (t —

<c3 (1 + ’\un\a(x) !
where ¢ and ¢3 > 0 are constants. From (3.2), {u,} converges strongly to u in
LY@ (Q) and LI®)(Q), that is, |u, — Ul o ) = 0 and [uy — ufpq@ ) = 0 as
n — 00. S0, we obtain

|y, |91

< €2 w(g;)Q‘I(x)

|tn = vl Lo (q)-
Ld (=)

La/m) [tn =t fat) ()

(3.3) / F (@) (tn — ) dzz — 0
Q
and
@
(3.4) / [un|* 2q; —u)dr — 0.
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By combining (3.3) and (3.4) and using the fact that (J}(uy),u, —u) — 0, we
conclude that

/ a(x, Vuy,)(Vu, — Vu)dr — 0.
Q

That is, lim (A'(un), un — u) = 0. By using Lemma 3.4(v), we have

0= T (A'(un),u— un) < Tim (A(w) — Alun) = A(w) — Tim Afu)
(3.5) lim A(up) < Auw).

n—oo
So, from Lemma 3.4(iii) and (3.5), we obtain lim A(uy,) = A(u).
n—oo
Now, we assume by contradiction that {u,} does not converge strongly to

w in X. Then, there exist ¢ > 0 and a subsequence {uy,, } of {u,} such that
|tun, —ul| > ¢. Moreover, by Lemma 3.4(iv), we get

1 1 _ _
B8 A+ gAn) = A () > bl P 2 ko
Passing to the limit as k& tends to infinity in the inequality 3.6, we have

limsup A <unk—i—u) < Au) — koCP .
n—oo 2
Moreover, we have that —5 converges weakly to v in X. From Lemma 3.4
(iii), we obtain
A(u) < liminf A <unk—|—u> ,

n—00 2

which is a contradiction. Hence, it follows that {u,} converges strongly to u in
X. The proof is complete. O

Lemma 3.6. Suppose (f1), (f2), (A1)-(A5) and (AR) are satisfied. Then
the following statements hold:

(i) There exist two positive real numbers T and r such that Jy(u) > r,
u € X with ||ul] = 7.

(ii) There exists u € X such that ||u| > 7, Jx(u) < 0.

Proof. (i) Let |lu|| < 1. Since X is continuously embedded in L¥* () and
L@)(Q), and according to Proposition 2.3, there exist positive constants ¢4 and
¢5 such that
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From (f;) and (f2), we obtain
(3.8) F(x,t) < et +clt|*®,  (2,t) € Qx R.
Therefore, by Proposition 2.2, Lemma 3.1, (3.7) and (3.8), we can deduce that

1 1 ca*
S POATY - ple) _ = |, 197 — pt a(z)y 4
Ia(u) = p+||u|| e IV | — |l /\/ (elul”” + celu[*) dx

1 1 I e. A o -
> ( - ) = Sl = xeet” ol = Al
for |Ju|| small enough. Let € > 0 be small enough such that

1/1 1
)\cp+<7 R —
0 <Aces 2<pJr Hq)

and if we can choose p™ < Hq™, we write

1/1 1 . cat _
> — - —— Pt =—— .
Ia(u) > 5 <p+ He ) [l (H — + Acecy ) |

1/1 1 -
p+ - o _ a —p
lul* (5 (= - 7o) - collalls™").

Since p™ < o, then we can choose ||u|| = 7 small enough such that the functional
h: [0,1] — R defined by

1/1 1 -
_ — RN — — o —p
=5 <p+ Hq‘) T

is positive on neighbourhood of the origin. It follows that there exist two positive
real numbers 7 and 7 such that Jy(u) > r, v € X with |lul| =7 € (0, 1).
(ii) From (AR) we obtain

v

(3.9) F(z,t) > cr|t]’, |t >t* forall (z,t) € QxR

Let ¢ € C§°(R), ¥ > 0 and @ # 0. Moreover, using together Lemma 3.3 and
inequalities (3.9), we obtain

B 1 |t¢‘q(x)

< ty:p*/ Az, Vi) d:c— /W’ )\c8|t|9/ )% da.
Q

As 0 € (pt,q), we infer that JA(tw) — —o0 as t — +oo for any A € (0,00).
Then, there exists u; = 1) such that ||ui| > 7 and Jy(u1) < 0. The proof is
complete. O
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Proof of Theorem 2.7. From Lemma 3.5, Lemma 3.6, and the fact that
Jx(0) = 0 from (A3), Jy satisfies all conditions of Lemma 2.4. Thus, Jy has at
least one nontrivial weak solution point, i.e., problem (P) has a nontrivial weak
solution. O

We will use Fountain theorem to prove Theorem 2.8.

Proof of Theorem 2.8. It is enough to show that J, has an unbounded
sequence of critical points. Because J) is an even functional from the assumptions
(f3) and (A4), and Jy satisfies (PS) condition from Lemma 3.5, we only need to
show whether it satisfies conditions (i) and (ii) in Lemma 2.6.

(i) For any u € Zj such that ||u|| = 7% > 1, from (f;) and Lemma 3.1, we
have

1 1 ca’ -
n = (Y e = S e [ (1) a
q q Q

pt H
1 1 ca’ -
- P _ a _ o _
> (o = g ) TP = Sl = e el el } = o
If max{||ul|?", |u]*"} = |[u]|®" and p* < Hg~, then by Proposition 2.2, we
obtain

(3 = 7= ) IullP™ = Aero = co, i Jul ooy < 1.

M) 2§ (= 7= ) Iull?” = Sl

p+
+ .
—Acloﬁg [[ul|*" — co, if |U|La<z>(9) >1
1 1 - + +
> <p+ - Hq) lull” — Aer1 By [Jul|™ — co,

1
—F
where cg, ¢19, c11 > 0 are constants. For ||u|| = v = (Hq 7p+)\ c118y )” ‘7 we

get
1 /1 1 -
D
Al =5 <10+ - HQ) K

Since 8, — 0 and p~ < o™, we obtain 7, — oo as k — oo. Consequently, we
deduce that Jy(u) — +oo as ||u|| - oo for u € Z;. The statement of (i) is
satisfied.

(ii) From (AR), there exist constants cj2,ci3 > 0 such that

F(x,t) > ciolt|? — c13.
Let u € Y, with [Ju|| = pr > 1. Then we write

1 + 1 e +
Hu) < —|lul|lf — —||u|P — ——|ul|? —)\612/ ul? dz + c13.
(u) p_H I Hq_H I Hq_H | Q\ |
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Since the space Y}, has finite dimension, |- |76y and [| - [| are equivalent norms in
Y).. Then, we obtain

e 4 0 o
oAl —H—q_llullq — Aepalul|” + 3.

1 1
Inw) <l = 7=

Consequently, we have
Ja(u) - —c0 as n— +oo forany u€ Yy

because 6 € (pT,q~). We show that for each k = 1,2, ... there exists py > v > 0
such that
max  Jy(u) <0.
u€Yy, |lull=px
The assertion (ii) is satisfied and the proof of Theorem 2.8 is complete. O
Acknowledgments. We thank all reviewers for their constructive sugges-
tions.
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