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Abstract

In this article, the authors construct a special reproducing kernel Hilbert
space of mixed Korobov—Sobolev type. To address the main problems, an
appropriate hybrid function system is employed. The arithmetic associated
with this function system is used to define the notion of the mean square worst-
case error of the integration in the considered space. An explicit formula for this
error expressed in terms of the functions of the employed system is obtained.
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1. Introduction. Following ARONSZAJN [1], we recall the notion of a repro-

ducing kernel for a Hilbert space. Let F' be a class of functions defined on E that
forms a Hilbert space. The function K(z,y) of z,y € E is called a reproducing
kernel for the space F' if the following properties hold:

1) For every fixed y € E the kernel K(z,y) as a function of x belongs to F;
2) (reproducing property) For each function f € F and an arbitrary y € F

the equality f(y) = (f(x), K(z,y)), holds. Here, the subscript « indicates that
the inner product is given with respect to the variable .

Let s > 1 be a fixed integer and denote the dimension throughout the article.

The technique of numerical integration in reproducing kernel Hilbert spaces is as
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follows: let Hy(K) be a Hilbert space generated by the reproducing kernel K with
an inner product (-) g, (k). The integral

Is(f) = f(X)dX, IS HS(K)

[0,1]*

is approximated by a Quasi-Monte Carlo algorithm

Qs(f; Pn) = fon

where Py = {Xq,...,Xn—1} is a deterministic sample point net in [0,1)%. The
worst-case error of the integration in the space Hg(K) by using the net Py of
nodes is defined as

e(Hs(K); Pn) = sup [1s(f) — Qs(f; Pn)|-
FEH(K), ||fllms ()<l

The main advantage of the Quasi-Monte Carlo algorithm in reproducing ker-
nel Hilbert spaces is that there exists an explicit formula for the worst-case error of
the integration. Thus, following SLOAN and WOZNIAKOWSKI [2], the worst-case
error of the integration in the Hilbert space Hs(K) by using an arbitrary net Py
of nodes satisfies the equality

(1) e(Hs(K); Pn)
N-1 N—-1N-1
= xydxdy—— K(x,,y)dy + K(xp,Xm
J o Koxwianiy = 557 [ Ky ¢ 3 S Kl

n=0 m=0

The Hilbert spaces can be divided into two main types — Korobov and Sobolev
spaces. In general, the Korobov spaces are sets of functions on which conditions
on the speed of incline to zero of their Fourier’s coefficients are imposed. The
Sobolev spaces are sets of functions on which conditions on smoothness of their
mixed partial derivatives of a given order are imposed.

There are two main approaches to constructing Hilbert spaces: without using
weights and with using weights for successive arguments. In these cases, the so-
called unweighted and weighted Hilbert spaces are obtained. In the unweighted
case, the weights are usually assumed to be equal to one.

The idea of using weights was introduced by Sloan and Wozniakowski [2]
and describes the dependence of the functions on their successive arguments. We
assume that for a function f(z1,...,xs) the variable z; is the most essential, o
is less essential and so on, s is the smallest essential. This is technically realized
through using weights ~1,...,7s such that 1 > v > ... > s > 0, which are
associated with the arguments of the function.
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In this article, we construct a Hilbert space of mixed Korobov—Sobolev type,
which combines the concepts of Korobov and Sobolev spaces into one focus. For
our investigations, we use a special kind of hybrid function system. The arithmetic
associated with this hybrid system allows us to introduce the notion of the mean
square worst-case error of integration and a formula in explicit form for this error
will be obtained.

2. A construction of the hybrid function system. For each vector
k = (ki,...,ks) € Z° the function ey : [0,1)° — C is defined as ex(x) =
eritkimitothszs) o — (g x,) €[0,1)°. The set T° = {ex(x) : k € Z°, x €
[0,1)°} is called the trlgonometrlc system.

For a function f € L1([0,1)°) and a vector k € Z° the k-th Fourier’s coefficient
of f is defined as frs (k) = f(x).ex(x)dx. Here, for an arbitrary complex

1
number z the symbol Z denote[s7t]he conjugated number of z.
[0.1) y = z+y (mod1l) and

for vectors x = (z1,...,25), ¥y = (y1,...,ys) € [0,1)° we put X@[OI) y =

(1 69[1%’1) Ylyer oy Ty @[1%’1) ys)- The subscript 10 indicates that the operation 69[10’ )
is performed in the decimal system.

The so-called Cantor systems are natural generalizations of the ordinary b-
adic number system. Thus, let B = {bg,b1,...: b; > 2 for ¢ > 0} be a sequence
of integers. To the set B corresponds the sequence {By, B1, ...} of the so-called
generalized powers, which are defined as: By = 1 and for ¢ > 0 B;+1 = B;.b;. For
the Cantor system with the above components we use the notion of the B-adic
number system. An arbitrary integer k >0 and a real x € [0,1) have B-adic

For each reals z,y € [0,1) we define @3

representations of the form k = Zk ;B; and v = Z BIZ , where for ¢ > 0

: i+1
ki,z; € {0,1,...,b; — 1} and k, 75 0. The represente?tlon of k is unique and
under the additional assumptions that for infinitely many indices ¢ we have that
x; # b; — 1, the representation of x is also unique.

For 1 < j < slet Bj = {bj0,bj1,... : bj; > 2 for i > 0} be an arbitrary
sequence of integers. To each sequence B; corresponds the set of generalized pow-
ers {Bjo, Bj1,...}. Let us denote B, = (Bl, .., By) and to use the terminology
Bs-adic Cantor system.

In 2021 PETROVA [3] by using an arbitrary Bs-adic Cantor system, pro-
posed the construction of the functions of the system I'p,. Thus, for an ar-
bitrary integer £k > 0 and a real = € [0,1) with the B-adic representations

174

o0

T
kzgkiBiandl'ZEBz
i=0 i=0 itl
k Ky
B—q+...+Bu+1)(zo+x1B1+---+quu)'

, the k-th function v : [0,1) — C is defined

as gy (x) = 627”(
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Let Ny = NU {0} denote the set of non-negative integers. For an arbitrary
vector k = (ki,...,ks) € N the k-th function g,yk : [0,1)® — C is defined as

S
B.Yk(X) = H B; Wk, (25), X = (x1,...,25) € [0,1)%.
j=1

The set I'p, = {B.k(x) : k € Nj, x € [0,1)°} is called the Bs-adic function
system.

oo
2
For arbitrary reals x,y € [0,1) with the B-adic representations x = Z -

— Biv1
[e.e] . o0
and y = Z Y the operation @[39’1) is defined as x @Eg’l) y= Z , Where
= Bit1 = Bin1

the sequence {zp, z1, ...} is determined by the following recursive rules:
xo 4+ yo = to.bg + 20, to € {0,1}, 20 € {O,l,...,bo — 1},

1+ y1 +to=1t1.b1 + 21, t1 6{0,1}, 21 E{O,l,...,bl—l} and so on.

For arbitrary vectors x = (z1,...,25), ¥ = (y1,...,ys) € [0,1)® the operation

[0,1)% . o [0,1) [0,1)

@©p, is defined as x @y y = (1 @, y1,...,Ts B Ys)-

To develop the concept of the hybrid function system, we first present some
preliminary notations. Let s > 1 be a fixed dimension and si, se be arbitrary
integers such that 0 < s1,s9 < s and s; + s3 = s. The numbers s; and so we will
call subdimensions. Let us denote H® = Z*' x Nj* and for an arbitrary vector
k € H* let us use the denotation k = (k) k®), where k") € Z°' and k® ¢ Ng?
are subdimensional coordinates of k. For an arbitrary vector x € [0,1)® let us use
the denotation x = (x(V),x®)), where for 7 = 1,2 x) € [0, 1)*".

Let Bs, be an arbitrary Cantor system. We define the hybrid function system
F as a tensor product of the subdimensional systems 7°' and I'p,,, ie. F =
T ® I's,,- This means that for arbitrary vectors k and x as above, the function
rhx(x) € F is given in the form rhy(x) = ek(l)(x(l)).352’yk(2) (x)). Then the
set F is given as F = {rhk(x) : k € H*°, x € [0,1)*}. GROZDANOV [4]| proved
that the hybrid function system F is a complete orthonormal basis of the space
La([0,1)).

Let us denote B = (10, Bs,). For arbitrary vectors x = (xM) x?)), y =
(y,y®) € [0,1)° let us define the operation

xafy = (el y, x g y©).

We will note the important fact that for each function f € Li([0,1)*) and an
arbitrary fixed vector o € [0,1)° the equality holds

(2) fx ol o)ax = /[O . f(x)dx.

[0,1]*
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3. A construction of the mixed Korobov—Sobolev type space
Hrig,s,0,v,w+- Now, we present the constructive principle of the subdimensional

weighted Hilbert spaces. For this purpose, for 7 = 1,2 let {7 = (WY), e >7§:))7
where 1 > ’yiT) > ... > fyg) > 0, be arbitrary vectors of coordinate weights and
to denote v = (’y(l), 7(2)).

For arbitrary reals o > 1, v > 0 and an integer k let us define the coefficient

1, it k=0,

Ra;y;k) =49 if k40

e P
For arbitrary vectors o = (ou,..., s, ), where for 1 < j < 51 oj > 1 of
exponential parameters, 7(1) of weights and kM = (k%l),...,kg)) € Z°' let us

51
define the coefficients R(a;~v™M; kM) = H R(Ozj;fy](.l); k](-l)).
j=1

For two functions f and g defined over [0, 1)°* let us define their inner product

as
D earm =Y B N osy"skW). fro (kM) G (k).
k(D ezs1
Then the Korobov space H, , .y isgivenas H ) = {f :|[fll5, o0 < +00}.
Let us construct the function
(3) Ksl,oz;y(l) (X(l) ) y(l))

= Y RlaiyWikW) e (x) g (y), xD,y M e o, 1)
k(M) ezs1

Lemma 1. The function K, . ) is the reproducing kernel of the space

s

HSLOCW(D‘
Following HICKERNEL [5], see also NOVAK and WOZNIAKOWSKI [6], we re-

call the concept of the so-called anchored Sobolev space H Sob,s2,7(2) w Let w =
(wi,...,ws,), where for 1 < j < sy w; € [0,1], be an arbitrary vector, which is
called an anchor.

For two functions f and g defined over [0,1)%? their inner product is defined
as

<f7 g>52,«,(2),w

_ olul glul
= X b ) g wax?)
uC{1,...,s2} 0,11 Oxy Xy,

Here, for an arbitrary subset u of {1,..., s} and vectors x?) = (x?), )

» V' so
and w the symbols Xq(f) denote a vector with coordinates x§2) when j € u and
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w_, — a vector with coordinates w; when j ¢ w. The symbol |u| denotes the
cardinality of the set u. Then the space Hgy, ;, 22w 18 defined as Hg,, , @ w

{HfHSQ,'y(?),w < +OO}
For arbitrary reals v > 0 and w € [0, 1] the function is constructed

Kiyw(z,y) =14+ 5 (\:C—w\ﬂy w| — |z —yl|), =,y €[0,1).

For vectors 7(2) and w also the function
2
Koy r w( HK @ w Ty )’yJ( ))’

x? = (:c&Q),... 22), y@ = (y(Q),...,yg)) € [0,1)°% is constructed and it

9 S92
is proved that the functzon K 1s the reproducing kernel for the space

52,7 w
Hgop, 5072w

In our work we will use the spaces H, , ) and Hg,, o, () y to define the

space Htiz,s,ay,w = Hy, o 1) @Hggp o) 12) which is a space of mlxed Korobov—

Sobolev type. This means that
(%) € Hatizs.amm < f(x) = i) fo(x?), x = x1,x?) € [0,1),

A eH, o, xV € (0,1), f(xP) € Hgpy oy 1) 3o X2 €0,1)%

For two functions f, g € Hpiz,s,a,y,w to define their inner product as

(£ Ds.amw = (f1:91) 5, 0y (25 92) 55 7(2) v

The last equality shows us that Hifiz sayw = {f || f
For arbitrary vectors x = (x(1),x®), y = (y, ( )) € [0,1)° let us define
the function

Ks,a,%w(xa y> =K @)

1,0,y (x

) y(l))'KSQ,'y(2)7w (x(2)7 y(2))

Lemma 2. The function K~ w s the reproducing kernel for the space
HMiJ:,s,a,’y,w

4. The mean square worst-case error of the integration in the space
Hfin,s,0,v,w- Let Py = {Xg,...,xn_1} be an arbitrary net of points in [0,1)°
and o € [0,1)% be an arbitrary and fixed vector. We W111 use the operation @[0 2

to define the net Py (o) = {xo EBE? b O,...,XN_1 éB[ ’ o}, which we call B-adic
digitally shifted net. We will give the followmg deﬁmtlon
Definition 1. Let K be an arbitrary reproducing kernel. We will define the
notion of the associated B-adic digitally shifted kernel as
[0,1)®

Kp—ds(x,y) = K(x @Q’” y ®g o)do, x, y €[0,1)%
[0,1]¢
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Definition 2. Let H (K) be an arbitrary Hilbert space, Py an arbitrary net
of points in [0,1)*, o € [0,1)® be a fixed vector, and Py(c) be the B-adic digitally
shifted net. Let e(Hs(K); Py(0)) be the worst-case error of the integration in the
space Hq(K) by using the net Py(o). We define the quantity

e2(Hy(K); Py) = . e*(Hy(K); Py(0))do,

which we call mean square worst-case error of the integration in the space Hy(K)
by using the net Py.

Theorem 1. Let Hs(K) be an arbitrary Hilbert space and Py a net of points
n [0,1)°. Then the mean square worst-case error of the integration in the space
H(K) by using the net Py satisfies the equality é(Hs(K); Py) = e(Hs(Kp—4s); Pn),
i.e. the mean square worst-case error of the integration in the space Hg(K) 1is
equal to the ordinary worst-case error of the integration in the space Hs(Kp—_gs)
generated by the B-adic digitally shifted kernel Kg_q4s and by using the same net
Py.

Proof. According to Definition 2 and equality (1) we obtain the presentation

(4) &2(H,(K); Py) = / ¢2(H,(K); Py(0))do

[0’1]3
- /[0,118

N-1

2
/ K(x,y)dxdy — — Z K(x, @[BO 1) o,y)dy
[0,1]2¢ [0,1]¢

—-1N-1

Y KoY o el o

n=0 m=0

do.

To rewrite the expressions in the equality above, we will use property (2) and
Definition 1. Thus, the following holds:

(5) / [/ K(x, y)dxdy] do
[0,1]* | /[0,1]>*
“how

= / K(xag' o,yeg" o)do| dxdy = / Kp_qs(x,y)dxdy;
0.2 | J[o,1)¢ [0,1)25

/[01]2 K(x EB[O 1 o,y @ES’”S U)dxdy] do

6 / K(xp, [Ol)sa,y dy | do
(6) . [NZ o Kol o)
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2 / [0,1) [0,1)
— K(x, ®p'’ o0,y ®g"’ o)dy|do
N Z 0,11 | /[0,1]° ( B )

2 / [0,1) [0,1)*
— K(x, ®p'’ o0,y ®g"’ o)do|dy
N Z 0,1 /0,10 ( o )

N Z KB ds xnvy)d}’7

1 N—-1N-1
(7) /[0 . [m > > Kenag" oxm o a>] do

n=0 m=0

N-1N-1

DD Z[ K 05" 030 05 a>d“]
[0,1]°

n=0 m=0

—-1N-1

N2 Z Z Kp_qs mem)

n=0 m=0

From equalities (1), (4), (5), (6), and (7) we finally obtain that

PR Px) = [ Ko y)edy — Z K, )iy
0,1]2s

—1N-1
N2 Z Z Kp_gs Xnaxm) =€ (HS(Kdes);PN)-

n=0 m=0
O
Let us choose s3 = 0, i.e. s; = s. In this case, the hybrid operation
@l and the notion of the B-adic digitally shifted kernel Kp_g, will be re-
duced to the operation EB[ D™ and the notion of the 10-adic digitally shifted
kernel Kig_g4s. Definition 1 and equality (3) imply that for V x, y € [0,1)** the
equality Kg_gs o1 oy (x,y) = Ky oy (x,¥y) holds. From Theorem 1 the equal-
ity €(Hs, (K, o~,m); Pn) = e(Hs, (K, ,,m); Py) is obtained. Hence, the notion
mean square worst-case error of the integration in the Korobov space H , o)
coincides with the ordinary worst-case error of the integration in this space.
The general theory of the reproducing kernels states that if K is an arbitrary
reproducing kernel, then for V x, y € [0,1)°

Kg-as(x,y) = Y 7Kk k). rhi(x). 7hic(y),
KEH®
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where for each vector k € H® the equality
FK(k k) = /[ . K(x,y).7hi(x). phy(y)dxdy
0,1]2s

holds. In the case when K, (x,y) = K, (xM, yM).K,,(x®,y?), the above re-
mark is also valid for the kernels K, and Kj,, but with respect to the systems
T°! and FBSQ'

Lemma 3. The following holds:

(i) For each vector kY € Z°' the equality

kM k(l)) R(a, A k(l))

holds;

(7i) Let B be an arbitrary Cantor system and for each integer k > 1 to use
the B-adic representation k = kyBy + kg_1Bg_1 + ...+ k1B1 + ko, where g > 0,
for0<i<gk;e{0,1,...,b; — 1} and kg # 0. Then for each integer k > 0 the
equalities hold

1
1+'y<w —w+3> if k=0,

rp K10k k) = vy 1 1 1
= T a s, if k>1
2\ sin? wi 3] By

For each vector k?) = (k?), ceey ng)) € Ni? the equality holds

> 2) 1.2\ _ 7> 2) 1.(2)y.
Tsq, Ksz,'Y(Q),w(k( ),k( )) = 1:[1FB§2) Kl,yf),wj (kj( 7kj );

(¢13) The associated B-adic digitally shifted kernel Kp_gs . w has a Fou-
rier’s representation of the form

Kdes,s,a,fy,w(va) = Z fks,a,v,w(kv k)‘}—hk(x)‘fﬁk(}’)v v X, Y€ [07 1)87
keHs

where for each vector k = (kD k®)) € H* the equality holds ;K57a77,w(k, k) =
Fa K (kW) k(1>).FBS2 K (k2 k@),
Theorem 2. Let Py = {Xo,...,XnN—1} be an arbitrary net of points in [0,1)°.

Then the mean square worst-case error of the integration in the space Hyriz s.0~,w
by using the net Py satisfies the equality

52
_ 1
GQ(HMim,s,a,%W;PN) = H |:1 +7]( ) <w2 - Wy + 3>:|
j=1

S1 ,047’}’(1) 52)7(2)7‘”
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N-1N-1

+% Z Z Z ]:I?Syoév%w(kv k)‘]:hk(xn)'Fﬁk(xm)~

n=0 m=0 keHs

The construction of Hilbert spaces of mixed Korobov—Sobolev type can be
further extended, particularly with respect to Sobolev spaces. For example, one
may employ the so-called unanchored Sobolev space. To implement this idea, the
hybrid system must be extended with an additional function system — such as the
Vilenkin system constructed over an arbitrary Cantor system. In this regard, a
more general form of arithmetic can be defined, leading to a new expression for
the mean square worst-case error of the integration. Consequently, this approach
yields a result more general than that presented in Theorem 2.
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