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Abstract

In this article, the authors construct a special reproducing kernel Hilbert
space of mixed Korobov–Sobolev type. To address the main problems, an
appropriate hybrid function system is employed. The arithmetic associated
with this function system is used to define the notion of the mean square worst-
case error of the integration in the considered space. An explicit formula for this
error expressed in terms of the functions of the employed system is obtained.
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1. Introduction. Following Aronszajn [1], we recall the notion of a repro-
ducing kernel for a Hilbert space. Let F be a class of functions defined on E that
forms a Hilbert space. The function K(x, y) of x, y ∈ E is called a reproducing
kernel for the space F if the following properties hold:

1) For every fixed y ∈ E the kernel K(x, y) as a function of x belongs to F ;

2) (reproducing property) For each function f ∈ F and an arbitrary y ∈ E
the equality f(y) = 〈f(x), K(x, y)〉x holds. Here, the subscript x indicates that
the inner product is given with respect to the variable x.

Let s ≥ 1 be a fixed integer and denote the dimension throughout the article.
The technique of numerical integration in reproducing kernel Hilbert spaces is as
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follows: let Hs(K) be a Hilbert space generated by the reproducing kernel K with
an inner product 〈·〉Hs(K). The integral

Is(f) =

∫
[0,1]s

f(x)dx, f ∈ Hs(K)

is approximated by a Quasi-Monte Carlo algorithm

Qs(f ;PN ) =
1

N

N−1∑
n=0

f(xn),

where PN = {x0, . . . ,xN−1} is a deterministic sample point net in [0, 1)s. The
worst-case error of the integration in the space Hs(K) by using the net PN of
nodes is defined as

e(Hs(K);PN ) = sup
f∈Hs(K), ||f ||Hs(K)≤1

|Is(f)−Qs(f ;PN )|.

The main advantage of the Quasi-Monte Carlo algorithm in reproducing ker-
nel Hilbert spaces is that there exists an explicit formula for the worst-case error of
the integration. Thus, following Sloan and Woźniakowski [2], the worst-case
error of the integration in the Hilbert space Hs(K) by using an arbitrary net PN
of nodes satisfies the equality

(1) e(Hs(K);PN )

=

∫
[0,1]2s

K(x,y)dxdy − 2

N

N−1∑
n=0

∫
[0,1]s

K(xn,y)dy +
1

N2

N−1∑
n=0

N−1∑
m=0

K(xn,xm).

The Hilbert spaces can be divided into two main types – Korobov and Sobolev
spaces. In general, the Korobov spaces are sets of functions on which conditions
on the speed of incline to zero of their Fourier’s coefficients are imposed. The
Sobolev spaces are sets of functions on which conditions on smoothness of their
mixed partial derivatives of a given order are imposed.

There are two main approaches to constructing Hilbert spaces: without using
weights and with using weights for successive arguments. In these cases, the so-
called unweighted and weighted Hilbert spaces are obtained. In the unweighted
case, the weights are usually assumed to be equal to one.

The idea of using weights was introduced by Sloan and Woźniakowski [2]
and describes the dependence of the functions on their successive arguments. We
assume that for a function f(x1, . . . , xs) the variable x1 is the most essential, x2

is less essential and so on, xs is the smallest essential. This is technically realized
through using weights γ1, . . . , γs such that 1 ≥ γ1 ≥ . . . ≥ γs > 0, which are
associated with the arguments of the function.
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In this article, we construct a Hilbert space of mixed Korobov–Sobolev type,
which combines the concepts of Korobov and Sobolev spaces into one focus. For
our investigations, we use a special kind of hybrid function system. The arithmetic
associated with this hybrid system allows us to introduce the notion of the mean
square worst-case error of integration and a formula in explicit form for this error
will be obtained.

2. A construction of the hybrid function system. For each vector
k = (k1, . . . , ks) ∈ Zs the function ek : [0, 1)s → C is defined as ek(x) =
e2πi(k1x1+...+ksxs), x = (x1, . . . , xs) ∈ [0, 1)s. The set T s = {ek(x) : k ∈ Zs, x ∈
[0, 1)s} is called the trigonometric system.

For a function f ∈ L1([0, 1)s) and a vector k ∈ Zs the k-th Fourier’s coefficient

of f is defined as f̂T s(k) =

∫
[0,1]s

f(x).ek(x)dx. Here, for an arbitrary complex

number z the symbol z denotes the conjugated number of z.
For each reals x, y ∈ [0, 1) we define x ⊕[0,1)

10 y = x + y (mod 1) and
for vectors x = (x1, . . . , xs), y = (y1, . . . , ys) ∈ [0, 1)s we put x ⊕[0,1)s

10 y =

(x1⊕[0,1)
10 y1, . . . , xs⊕[0,1)

10 ys). The subscript 10 indicates that the operation ⊕[0,1)s

10

is performed in the decimal system.
The so-called Cantor systems are natural generalizations of the ordinary b-

adic number system. Thus, let B = {b0, b1, . . . : bi ≥ 2 for i ≥ 0} be a sequence
of integers. To the set B corresponds the sequence {B0, B1, . . .} of the so-called
generalized powers, which are defined as: B0 = 1 and for i ≥ 0 Bi+1 = Bi.bi. For
the Cantor system with the above components we use the notion of the B-adic
number system. An arbitrary integer k ≥ 0 and a real x ∈ [0, 1) have B-adic

representations of the form k =

ν∑
i=0

kiBi and x =

∞∑
i=0

xi
Bi+1

, where for i ≥ 0

ki, xi ∈ {0, 1, . . . , bi − 1} and kν 6= 0. The representation of k is unique and
under the additional assumptions that for infinitely many indices i we have that
xi 6= bi − 1, the representation of x is also unique.

For 1 ≤ j ≤ s let Bj = {bj,0, bj,1, . . . : bj,i ≥ 2 for i ≥ 0} be an arbitrary
sequence of integers. To each sequence Bj corresponds the set of generalized pow-
ers {Bj,0, Bj,1, . . .}. Let us denote Bs = (B1, . . . , Bs) and to use the terminology
Bs-adic Cantor system.

In 2021 Petrova [3] by using an arbitrary Bs-adic Cantor system, pro-
posed the construction of the functions of the system ΓBs . Thus, for an ar-
bitrary integer k ≥ 0 and a real x ∈ [0, 1) with the B-adic representations

k =

ν∑
i=0

kiBi and x =

∞∑
i=0

xi
Bi+1

, the k-th function Bγk : [0, 1) → C is defined

as Bγk(x) = e
2πi

(
k0
B1

+...+ kν
Bν+1

)
(x0+x1B1+...+xνBν)

.
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Let N0 = N ∪ {0} denote the set of non-negative integers. For an arbitrary
vector k = (k1, . . . , ks) ∈ Ns0 the k-th function Bsγk : [0, 1)s → C is defined as

Bsγk(x) =

s∏
j=1

Bjγkj (xj), x = (x1, . . . , xs) ∈ [0, 1)s.

The set ΓBs = {Bsγk(x) : k ∈ Ns0, x ∈ [0, 1)s} is called the Bs-adic function
system.

For arbitrary reals x, y ∈ [0, 1) with the B-adic representations x =
∞∑
i=0

xi
Bi+1

and y =
∞∑
i=0

yi
Bi+1

the operation ⊕[0,1)
B is defined as x ⊕[0,1)

B y =
∞∑
i=0

zi
Bi+1

, where

the sequence {z0, z1, . . .} is determined by the following recursive rules:

x0 + y0 = t0.b0 + z0, t0 ∈ {0, 1}, z0 ∈ {0, 1, . . . , b0 − 1},

x1 + y1 + t0 = t1.b1 + z1, t1 ∈ {0, 1}, z1 ∈ {0, 1, . . . , b1 − 1} and so on.

For arbitrary vectors x = (x1, . . . , xs), y = (y1, . . . , ys) ∈ [0, 1)s the operation
⊕[0,1)s

Bs is defined as x⊕[0,1)s

Bs y = (x1 ⊕[0,1)
B1

y1, . . . , xs ⊕[0,1)
Bs

ys).
To develop the concept of the hybrid function system, we first present some

preliminary notations. Let s ≥ 1 be a fixed dimension and s1, s2 be arbitrary
integers such that 0 ≤ s1, s2 ≤ s and s1 + s2 = s. The numbers s1 and s2 we will
call subdimensions. Let us denote Hs = Zs1 × Ns20 and for an arbitrary vector
k ∈ Hs let us use the denotation k = (k(1),k(2)), where k(1) ∈ Zs1 and k(2) ∈ Ns20

are subdimensional coordinates of k. For an arbitrary vector x ∈ [0, 1)s let us use
the denotation x = (x(1),x(2)), where for τ = 1, 2 x(1) ∈ [0, 1)sτ .

Let Bs2 be an arbitrary Cantor system. We define the hybrid function system
F as a tensor product of the subdimensional systems T s1 and ΓBs2 , i.e. F =
T s1 ⊗ ΓBs2 . This means that for arbitrary vectors k and x as above, the function

Fhk(x) ∈ F is given in the form Fhk(x) = ek(1)(x(1)).Bs2γk(2)(x(2)). Then the
set F is given as F = {Fhk(x) : k ∈ Hs, x ∈ [0, 1)s}. Grozdanov [4] proved
that the hybrid function system F is a complete orthonormal basis of the space
L2([0, 1)s).

Let us denote B = (10,Bs2). For arbitrary vectors x = (x(1),x(2)), y =
(y(1),y(2)) ∈ [0, 1)s let us define the operation

x⊕[0,1)s

B y = (x(1) ⊕[0,1)s1
10 y(1), x(2) ⊕[0,1)s2

Bs2
y(2)).

We will note the important fact that for each function f ∈ L1([0, 1)s) and an
arbitrary fixed vector σ ∈ [0, 1)s the equality holds

(2)
∫

[0,1]s
f(x⊕[0,1)s

B σ)dx =

∫
[0,1]s

f(x)dx.
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3. A construction of the mixed Korobov–Sobolev type space
HMix,s,α,γ,w. Now, we present the constructive principle of the subdimensional
weighted Hilbert spaces. For this purpose, for τ = 1, 2 let γ(τ) = (γ

(τ)
1 , . . . , γ(τ)

sτ ),

where 1 ≥ γ
(τ)
1 ≥ . . . ≥ γ(τ)

sτ > 0, be arbitrary vectors of coordinate weights and
to denote γ = (γ(1), γ(2)).

For arbitrary reals α > 1, γ > 0 and an integer k let us define the coefficient

R(α; γ; k) =

{
1, if k = 0,
γ

|k|α
, if k 6= 0.

For arbitrary vectors α = (α1, . . . , αs1), where for 1 ≤ j ≤ s1 αj > 1 of
exponential parameters, γ(1) of weights and k(1) = (k

(1)
1 , . . . , k(1)

s1 ) ∈ Zs1 let us

define the coefficients R(α; γ(1);k(1)) =

s1∏
j=1

R(αj ; γ
(1)
j ; k

(1)
j ).

For two functions f and g defined over [0, 1)s1 let us define their inner product
as

〈f, g〉s1,α,γ(1) =
∑

k(1)∈Zs1

R−1(α; γ(1);k(1)).f̂T s1 (k(1)).ĝT s1 (k(1)).

Then the Korobov spaceHs1,α,γ(1)
is given asHs1,α,γ(1)

= {f : ||f ||s1,α,γ(1) < +∞}.
Let us construct the function

(3) Ks1,α,γ(1)
(x(1),y(1))

=
∑

k(1)∈Zs1

R(α; γ(1);k(1)).ek(1)(x(1)).ek(1)(y(1)), x(1),y(1) ∈ [0, 1)s1 .

Lemma 1. The function Ks1,α,γ(1)
is the reproducing kernel of the space

Hs1,α,γ(1)
.

Following Hickernel [5], see also Novak and Woźniakowski [6], we re-
call the concept of the so-called anchored Sobolev space HSob,s2,γ(2),w

. Let w =
(w1, . . . , ws2), where for 1 ≤ j ≤ s2 wj ∈ [0, 1], be an arbitrary vector, which is
called an anchor.

For two functions f and g defined over [0, 1)s2 their inner product is defined
as

〈f, g〉s2,γ(2),w

=
∑

u⊆{1,...,s2}

[γ(2)
u ]−1

∫
[0,1]|u|

∂|u|

∂x
(2)
u

f(x(2)
u ,w−u)

∂|u|

∂x
(2)
u

g(x(2)
u ,w−u)dx(2)

u .

Here, for an arbitrary subset u of {1, . . . , s2} and vectors x(2) = (x
(2)
1 , . . . , x(2)

s2 )

and w the symbols x(2)
u denote a vector with coordinates x(2)

j when j ∈ u and
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w−u – a vector with coordinates wj when j 6∈ u. The symbol |u| denotes the
cardinality of the set u. Then the space HSob,s2,γ(2),w

is defined as HSob,s2,γ(2),w
=

{||f ||s2,γ(2),w < +∞}.
For arbitrary reals γ > 0 and w ∈ [0, 1] the function is constructed

K1,γ,w(x, y) = 1 +
γ

2
(|x− w|+ |y − w| − |x− y|), x, y ∈ [0, 1).

For vectors γ(2) and w also the function

Ks2,γ(2),w
(x(2),y(2)) =

s2∏
j=1

K
1,γ

(2)
j ,wj

(x
(2)
j , y

(2)
j ),

x(2) = (x
(2)
1 , . . . , x(2)

s2 ), y(2) = (y
(2)
1 , . . . , y(2)

s2 ) ∈ [0, 1)s2 is constructed and it
is proved that the function Ks2,γ(2),w

is the reproducing kernel for the space
HSob,s2,γ(2),w

.
In our work we will use the spaces Hs1,α,γ(1)

and HSob,s2,γ(2),w
to define the

space HMix,s,α,γ,w = Hs1,α,γ(1)
⊗HSob,s2,γ(2),w

, which is a space of mixed Korobov–
Sobolev type. This means that

f(x) ∈ HMix,s,α,γ,w ⇔ f(x) = f1(x(1)).f2(x(2)), x = (x(1),x(2)) ∈ [0, 1)s,

f1(x(1)) ∈ Hs1,α,γ(1)
, x(1) ∈ [0, 1)s1 , f2(x(2)) ∈ HSob,s2,γ(2),w

, x(2) ∈ [0, 1)s2 .

For two functions f, g ∈ HMix,s,α,γ,w to define their inner product as

〈f, g〉s,α,γ,w = 〈f1, g1〉s1,α,γ(1) .〈f2, g2〉s2,γ(2),w.

The last equality shows us that HMix,s,α,γ,w = {f : ‖f‖s,α,γ,w < +∞}.
For arbitrary vectors x = (x(1),x(2)), y = (y(1),y(2)) ∈ [0, 1)s let us define

the function

Ks,α,γ,w(x,y) = Ks1,α,γ(1)
(x(1),y(1)).Ks2,γ(2),w

(x(2),y(2)).

Lemma 2. The function Ks,α,γ,w is the reproducing kernel for the space
HMix,s,α,γ,w.

4. The mean square worst-case error of the integration in the space
HMix,s,α,γ,w. Let PN = {x0, . . . ,xN−1} be an arbitrary net of points in [0, 1)s

and σ ∈ [0, 1)s be an arbitrary and fixed vector. We will use the operation ⊕[0,1)s

B
to define the net PN (σ) = {x0 ⊕[0,1)s

B σ, . . . ,xN−1 ⊕[0,1)s

B σ}, which we call B-adic
digitally shifted net. We will give the following definition:

Definition 1. Let K be an arbitrary reproducing kernel. We will define the
notion of the associated B-adic digitally shifted kernel as

KB−ds(x,y) =

∫
[0,1]s

K(x⊕[0,1)s

B σ,y ⊕[0,1)s

B σ)dσ, x, y ∈ [0, 1)s.
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Definition 2. Let Hs(K) be an arbitrary Hilbert space, PN an arbitrary net
of points in [0, 1)s, σ ∈ [0, 1)s be a fixed vector, and PN (σ) be the B-adic digitally
shifted net. Let e(Hs(K);PN (σ)) be the worst-case error of the integration in the
space Hs(K) by using the net PN (σ). We define the quantity

ẽ2(Hs(K);PN ) =

∫
[0,1]s

e2(Hs(K);PN (σ))dσ,

which we call mean square worst-case error of the integration in the space Hs(K)
by using the net PN .

Theorem 1. Let Hs(K) be an arbitrary Hilbert space and PN a net of points
in [0, 1)s. Then the mean square worst-case error of the integration in the space
Hs(K) by using the net PN satisfies the equality ẽ(Hs(K);PN ) = e(Hs(KB−ds);PN ),
i.e. the mean square worst-case error of the integration in the space Hs(K) is
equal to the ordinary worst-case error of the integration in the space Hs(KB−ds)
generated by the B-adic digitally shifted kernel KB−ds and by using the same net
PN .

Proof. According to Definition 2 and equality (1) we obtain the presentation

(4) ẽ2(Hs(K);PN ) =

∫
[0,1]s

e2(Hs(K);PN (σ))dσ

=

∫
[0,1]s

[∫
[0,1]2s

K(x,y)dxdy − 2

N

N−1∑
n=0

∫
[0,1]s

K(xn ⊕[0,1)s

B σ,y)dy

+
1

N2

N−1∑
n=0

N−1∑
m=0

K(xn ⊕[0,1)s

B σ,xm ⊕[0,1)s

B σ)

]
dσ.

To rewrite the expressions in the equality above, we will use property (2) and
Definition 1. Thus, the following holds:

(5)
∫

[0,1]s

[∫
[0,1]2s

K(x,y)dxdy

]
dσ

=

∫
[0,1]s

[∫
[0,1]2s

K(x⊕[0,1)s

B σ,y ⊕[0,1)s

B σ)dxdy

]
dσ

=

∫
[0,1]2s

[∫
[0,1]s

K(x⊕[0,1)s

B σ,y ⊕[0,1)s

B σ)dσ

]
dxdy =

∫
[0,1]2s

KB−ds(x,y)dxdy;

(6)
∫

[0,1]s

[
2

N

N−1∑
n=0

∫
[0,1]s

K(xn ⊕[0,1)s

B σ,y)dy

]
dσ
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=
2

N

N−1∑
n=0

∫
[0,1]s

[∫
[0,1]s

K(xn ⊕[0,1)s

B σ,y ⊕[0,1)s

B σ)dy

]
dσ

=
2

N

N−1∑
n=0

∫
[0,1]s

[∫
[0,1]s

K(xn ⊕[0,1)s

B σ,y ⊕[0,1)s

B σ)dσ

]
dy

=
2

N

N−1∑
n=0

∫
[0,1]s

KB−ds(xn,y)dy;

(7)
∫

[0,1]s

[
1

N2

N−1∑
n=0

N−1∑
m=0

K(xn ⊕[0,1)s

B σ,xm ⊕[0,1)s

B σ)

]
dσ

=
1

N2

N−1∑
n=0

N−1∑
m=0

[∫
[0,1]s

K(xn ⊕[0,1)s

B σ,xm ⊕[0,1)s

B σ)dσ

]

=
1

N2

N−1∑
n=0

N−1∑
m=0

KB−ds(xn,xm).

From equalities (1), (4), (5), (6), and (7) we finally obtain that

ẽ2(Hs(K);PN ) =

∫
[0,1]2s

KB−ds(x,y)dxdy − 2

N

N−1∑
n=0

∫
[0,1]s

KB−ds(xn,y)dy

+
1

N2

N−1∑
n=0

N−1∑
m=0

KB−ds(xn,xm) = e2(Hs(KB−ds);PN ).

Let us choose s2 = 0, i.e. s1 = s. In this case, the hybrid operation
⊕[0,1)s

B and the notion of the B-adic digitally shifted kernel KB−ds will be re-
duced to the operation ⊕[0,1)s1

10 and the notion of the 10-adic digitally shifted
kernel K10−ds. Definition 1 and equality (3) imply that for ∀ x, y ∈ [0, 1)s1 the
equality K10−ds,s1,α,γ(1)(x,y) = Ks1,α,γ(1)

(x,y) holds. From Theorem 1 the equal-
ity ẽ(Hs1(Ks1,α,γ(1)

);PN ) = e(Hs1(Ks1,α,γ(1)
);PN ) is obtained. Hence, the notion

mean square worst-case error of the integration in the Korobov space Hs1,α,γ(1)

coincides with the ordinary worst-case error of the integration in this space.
The general theory of the reproducing kernels states that if K is an arbitrary

reproducing kernel, then for ∀ x, y ∈ [0, 1)s

KB−ds(x,y) =
∑
k∈Hs

FK̂(k,k).Fhk(x).Fhk(y),
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where for each vector k ∈ Hs the equality

FK̂(k,k) =

∫
[0,1]2s

K(x,y).Fhk(x).Fhk(y)dxdy

holds. In the case when Ks(x,y) = Ks1(x(1),y(1)).Ks2(x(2),y(2)), the above re-
mark is also valid for the kernels Ks1 and Ks2 , but with respect to the systems
T s1 and ΓBs2 .

Lemma 3. The following holds:
(i) For each vector k(1) ∈ Zs1 the equality

T s1 K̂s1,α,γ(1)
(k(1),k(1)) = R(α, γ(1);k(1))

holds;
(ii) Let B be an arbitrary Cantor system and for each integer k ≥ 1 to use

the B-adic representation k = kgBg + kg−1Bg−1 + . . . + k1B1 + k0, where g ≥ 0,
for 0 ≤ i ≤ g ki ∈ {0, 1, . . . , bi − 1} and kg 6= 0. Then for each integer k ≥ 0 the
equalities hold

ΓBK̂1,γ,w(k, k) =


1 + γ

(
w2 − w +

1

3

)
, if k = 0,

γ

2

 1

sin2 π
kg
bg

− 1

3

 1

B2
g+1

, if k ≥ 1.

For each vector k(2) = (k
(2)
1 , . . . , k(2)

s2 ) ∈ Ns20 the equality holds

ΓBs2
K̂s2,γ(2),w

(k(2),k(2)) =

s2∏
j=1

Γ
B
(2)
j

K̂
1,γ

(2)
j ,wj

(k
(2)
j , k

(2)
j );

(iii) The associated B-adic digitally shifted kernel KB−ds,s,α,γ,w has a Fou-
rier’s representation of the form

KB−ds,s,α,γ,w(x,y) =
∑
k∈Hs

FK̂s,α,γ,w(k,k).Fhk(x).Fhk(y), ∀ x, y ∈ [0, 1)s,

where for each vector k = (k(1),k(2)) ∈ Hs the equality holds FK̂s,α,γ,w(k,k) =

T s1 K̂s1,α,γ(1)
(k(1),k(1)).ΓBs2

K̂s2,γ(2),w
(k(2),k(2)).

Theorem 2. Let PN = {x0, . . . ,xN−1} be an arbitrary net of points in [0, 1)s.
Then the mean square worst-case error of the integration in the space HMix,s,α,γ,w

by using the net PN satisfies the equality

ẽ2(HMix,s,α,γ,w;PN ) = −
s2∏
j=1

[
1 + γ

(2)
j

(
w2
j − wj +

1

3

)]
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+
1

N2

N−1∑
n=0

N−1∑
m=0

∑
k∈Hs

FK̂s,α,γ,w(k,k).Fhk(xn).Fhk(xm).

The construction of Hilbert spaces of mixed Korobov–Sobolev type can be
further extended, particularly with respect to Sobolev spaces. For example, one
may employ the so-called unanchored Sobolev space. To implement this idea, the
hybrid system must be extended with an additional function system – such as the
Vilenkin system constructed over an arbitrary Cantor system. In this regard, a
more general form of arithmetic can be defined, leading to a new expression for
the mean square worst-case error of the integration. Consequently, this approach
yields a result more general than that presented in Theorem 2.
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[2] Sloan I., H. Woźniakowski (2001) Tractability of multivariate integration for
weighted Korobov classes, J. Complexity, 17(4), 697–721.

[3] Petrova Ts. (2021) Quasi-Monte Carlo integration in hybrid Korobov and Sobolev
spaces, PhD Thesis, South West University “Neofit Rilski”, Blagoevgrad, Bulgaria.

[4] Grozdanov V. (2025) Cantor Systems and Applications, Publishing house “Neofit
Rilski”, Blagoevgrad, Bulgaria, 264 pp.

[5] Hickernell F. (1998) Lattice Rules: How Well Do They Measure Up? In: Random
and Quasi-Random Point Sets (eds P. Hellekalek, G. Larcher), Lect. Notes Stat., vol.
138, New York, Springer-Verlag, 109–166.
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